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PREFACE. 



Eyeby one who has made some advancement in the study of 
this important hranch of mathematical science, must have 
found that, until he had acquired a knowledge of the 
nature of Equations, his progress was uninteresting, and, 
consequently, unsatisfactory to himself, hecause he met with 
many things which were not easily comprehensible to him, 
and because the application of the principles he was endea. 
Youring to comprehend was so remote that he would fre- 
quently be led to question the utility of this science. This 
circumstance has frequently operated as a serious discourage- 
ment to persons entering upon the study of Algebra. 

The arrangement of the following pages is such 'that, as 
soon as the student shall have made himself so far acquainted 
with the first principles as to be able to perform the ordinary 
operations of Addition, Subtraction, Multiplication, and Divi- 
sion, he shall be invited to consider the nature of an Equation, 
and to apply his knowledge, however small, to the solution of 
a Problem. Again, when he has become conversant with 
^Algebraic Fractions, he will be presented with other equa- 
tions and problems, which it is hoped his increased knowledge 
will enable him to encounter with confidence and success. 

One of the greatest of modem mathematicians has said 
that " In ediscendis scientiis exempla plus prosunt quam 
praecepta ;" and any one who has been long practically en- 
gaged in the work of education will readily agree with him. 
With a view to assist the student, explanations and solutions 
of many examples and problems are given in all parts of this 
work. 
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CHAPTER I. 

I. Aloebba ifl a science in which numerical magnitade in 
general is represented by symbols and signs. 

The symbols are a, h^ c, (&c., or «, /9, 7, Ac., to represent. 
knovm quantities, and «, y^ z^ &c., or 0, ^, 4"! ^*9 ^ represent 
unknown quantities. 

The signs are 
= equal. 

+ J1Z1M, £)r Addition ; thus, a + ( s= the cufii of a and ^t 
just as 3 + 5 =s the sum of 3 and 5=8. 

•— minust for Suhtractian; thus d — c = the excess of b 

above e, just as 5 — 2 b= the excess of 5 above 2, = 3. 

When it is not known which of two quantities, as a 

and y, is the greater, their difference is expressed thus, 

a ^ y, 

X or • for MuUiplicoHon, thus 2c x 3(2 = the product of twice 
e and thrice (2. The 2 is called the coefficient of c, and 
the 3 the coefficient of d. In the expressions a a and 
bof, that is, a X ;? and 5 x d?, a and b are the literal 
coefficients of a. The product is sometimes expressed 

thus, (a + 6).(c — rf) or (a + ft) (c— c2) or a + 6.c— d, 
which means the sum of a and b multiplied by the 
difference of c and d. The expression a6 + c means 
that a is multiplied by fr, and then c is added to the 
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1. From 4d — 8^ — ilc subtract a + JiJ — 5tf. 
4a<— 8^—20 Here we Bay 4-4awXa:3 4- 3a 

«4- fti--5c — 8& — 26=-.«lO& 
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8a«^10&+3o Ans. 
4a- 83^20 Proof. 

3. From Um^fl ^ »« — 3jjy + r sabtract 6ma:^ -- 4n4? + 

2 ma?'— nay— 3p^+r Here we say 

6w«^— 4n«+ jpy+^f +3ma?'— 5»»«^s= — Smx^ 

■ — nx '\-4knaf =-^-3na? 

— 8fnaj^+8n«— 4py+r— g Ans. —Spy — ll'y i^'^^py 

■ " ■ and +r— 5:=-|-r— J. 

8. From Qa^fih-^i^a^h) subtroot da+4i^(4a-i). 
6a4-25— 3a— 6 Here, in writing down -«(8a4' ^) 

2a-f45— 4a<f b find— (4 a— &), we take care to change 
— u >i» the signs within the braoketd, be- 

4a— 36+ a-^36= cause the sign before each bracket 
6 a— 46 Ans. is — . 

Examples^ to he proved by Addition. 

4, From 5a — 0( -^ 3c subtract 3a + 35 — - 7c. 

Ans. 8a — 96 + 4c. 

6. Ftomsfi-^aytBlsBay^y^; and from a + 6 take a— 6. 

Ans. «* — 3a?yH-y*; and 36. 

6. From 5n' + n — 3 take 4?i*— 8n — 3. 

Ans. w* -f-4n— 1. 

7. From ay*— 7a*y — a— c take Say*— 3a^y + a — 6. 

Ans. — 3ay* — 6a*y — 3a + 6 — c. 

8. What is the difference between a^ — a^6 + 3 a6* — 6^ 
and 3 aH — ab^ Ans. a« - 3 a«6 + 8 a6» - b\ 

MULTIPLICATION. 
VI. Multiply 8 + 3 by 4. 

3 + 3 ss 5, and 5 x 4 ss 30 sb product required ; 
or thus, (8 + 3)x4bs8x4 + 3x4«=13 + 83s30xs: 
product required. 



Multipija + ^ by e, and also hjdt and add the two yesolts. 
{a ^h) X e t=ac +be 
{a + h^x d = ad-^bd 

ac + 6c + ad + Id. Ans. 

This 18 obTiouslj the same thing as multiplying a + b by 
e +d; thus 

a -f ft 

e -\-d 



ae + he 

^+ad + bd 

oc + fee -f adf 4- bd 

where a + ft is multiplied by c and then by d, and the two 
results added together. 
Multiply 6 — 3 by 6. 

5 — 3 s Q, and 3 x 6 at 13 >« product required; 
or thus, (5 — 3) X 6 5= 30 — 18 Bs 12 = product required. 

Multiply a -« ft by c, and also by d^ and subtract the latter 
result from the former* 

fa — ft) X c = ac — ftc 
[a — ft) X d=^ad^bd 



i; 



ao-^bp-^ad + bd. 

This is the same thing as multiplying a— ft by c-^d; thus 

a — ft 
c-.<f 



ac — be 

^ad-J^hd 

•"■■^••^•^■^"■■"^■^""■■^ 

ac — be — ad + bd 

where a — ft is multiplied by <?, and then by — d, and the 
two results collected into one. 

On inspecting this example, it will readily appear that + 
multiplied by •+■ gives 4- in the product; — multiplied by 
-> gives + ; -f xnultiplied by — - gives — ; and — multiplied 
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V + gi^^ — ; or, in oiher words, like signs give +> and 
unlike signs give — . 

Multiply ^x by 8. 

$2« X 3 s= three times ^a =s 2w -^ ilx + ix = ^x, 
or thus, U X « X B = Cat. 

This result might have been obtained by multiplying the 
coefficient $2 by the multiplier 3, and vrriting the a after 
the product. 

Multiply 6 a by 2 5. 

5 X a X 2xi=:5 xSxaxi = 10a5. 

This result might have been obtained by multiplying the 
eoeffieients 5 and S together, and writing the quantities a and 
b after the product. 

Multiply a* by a'. 

a^ = a X «, and a^ zs^a x a x a; 

.-. a* X a^ = a X a X a X a X « = a'; 

or thus, a^ X a^ =: a*+' = a*. 

This result might have been obtained by writing the quan- 
tity a with the sum of the indieesy U and 3, for its index. 

When no index is expressed, the index 1 is understood ; 
thus, a ssa}. 
From these considerations we derive the following 

General Rules for Multiplication, 

If the signs are alike t write + ; if unlike, — . Multiply 
the coefficients. Add the indices of the same letter. 

Examples. 

1. Multiply 3a« - 6air + gfc^ by a« - lab. 

3a'— 5a& + 2&» 
a'- lab 



8a*- 6a«6+ 2a«J^ 

— 21a'J + 85a26' — UaJ' 

3a* — 26 o'6 + 37 aH'' — 14 ab^ 
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2. Multiply a" — a— ^6 + a— *J* by a — i. 



3. Multiply 6a by 4 ; da by 52; and w^ by ^^ 

Ans. d4a; 15ai; and ^. 

4. Multiply 2« — 4^ + «f by 3d?; and a* + 2ab — J' by 
a'b^ Ans. 6«- — 12«y + 8a;«; and a*ft« + 2a* ^ — a'i*. 

6. Multiply Of* — fl?'*y + ay^ — y by « + jf ; and a* + 6* + 
c- + ah-^ac + & by a — 6 + c. 

Ans. ^ — y*; and a' — ^ + c* + SaJc. 

6. Multiply Sar' + 4«'^ + 3« + 2 by 6a:'^ — 4d?*; and 1— « 
+ a:* — «* by 1 + « + «- + x^. 

Ans. as**— ar*— 2a?*— 8«^; and 1— «•. 

7. Find tbe product of a + ^ and a + 2; of a— ft and a— 5; 
and of a + & and a-^l; and learn the results by heart. 

Ans. (a + 6)(a + 6) = a*+2a6 + 6^ (a — J)(a — 5)=a 
a«^2ai + 6^ and (a + ft)(a—ft) = a'-J«. 

From this example it appears that 

1. The square of the sum of two quantities is equal to the 
mm of their squares, together with twice their product. 

2. The sqtiare of the difference of two quantities is equal to 
the sum of their squares, diminished by twice their product, 

8. The product of the turn and difference of two quantities 
is equal to the difference of tlieir squares. 

The student is recommended to commit these three theo* 
rems to memory. 

DIVISION. 
VII. Division is just the reverse of Multiplication ; thus, 

v2a?x8 = 6a?; .•. 6a?-^8, or -^ = 2a?; * 

o 

B 3 



id DIVI8I0K. 

10. Divide 8«*y + a«V — 24^ — 8a>V+« hj^m^y + ^xy 
— 1 ; and ^— y* by fl?— y. 

Ans. 2«'— «; and «'— «V + *y*+y'- 

11. Divide 18a?— 83«« + 44«— 35 by 6^?— 7; and 1 — a? 
by 1 +«. Ana. S**— 2«-r5j and 1— 2a? + 2a?*— 2ar» + &c. 

,^ a* + 2a2*« + 6* a^-2flfy+y» 4a«-l 
a^ + 6* ' ar»-y* ' JJa^ + l' 

and -^^;:=^^ . 

Ang. a^ + 6«;«'»— y';Sa«-l;anda«i«+«— a»i^+i + a*i*. 

MucellaneouB Examples, 

1. Find the numerical value of the following expressions, 
when « = 4, y = 3, and z=i6. 

^x + Qy z 



(1.) «2 + 4 j( - 3;?. (2.) 



18 y 



3 « — y 



S. Add together 6o«fc - 2ai'- 3a«i«, 3aH«- 7a-6 
+ 5 a &; and al^ ^a^h, 

3. Sttbtract2«' — 3«*-|-8d>— 5 from 5 «?* — «'- — 2« + l. 

4. Multiply 4a'a;^— 7a'«— 3aby 2flar*— a'; and a'+a6 
+ i' by a — ' 6. 

5. Divide «* + aj'^y' + y* by «^ + fl?y H- ^ ; and «^ + ^ 
by d^ -f y ; and prove each operation by multiplication. 

6. Find the sum of d k/x — h va?, 5 a \/« + 36 va?, 

26 ^/d?— 7a Vd?, andSaVa; -f ^h'J x\ andfrom(3a — a;)d7 
take(u + 2a;)a;. 

7. Separate into simple factors a^ ^ a;-; a^ + 2a4? + or^; 
»* — 1; 4a* — 96'; a^ — 46a? + 46'; and a^ — 6'", 

8. Divide as^ — (a^ + 6)a?' + 6* by a« — 6; and multiply 
l^ar* + 2« ^ r by ma; — n. 
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9. Express in simple factors a^a; mn — m; aV — a; 
— hx^ + heaf^ — b^sB^\. and — - o^x — 6i» — «. 

10. Express 'without brackets mn (m + *i); osy {a — j^); 
(l> + r) . (/^ — r); —(r + a«)a?; and — {«' + («— l)}y. 

SIMPLE EQUATIONS. 

VIII. When two quantities, or combinations of quantities, 
are equal, they form an equation; thus 4x3s7 + 5isatt 
equation. Also 10a =s 60 is an equation, in which the value 
of X is evidently 6, since 10 x 6 = 60 ; and, if both sides of 
the equation be divided by 10, we shall have « = 6 at once. 
Again, « + 5 = 15 is an equation, from each side of which if 
we subtract 5, we shall have ;i; = 10. Also « — 4 as 20 is 
an equation, to each side of which if we add 4, we shall have 
X =s 24. And ;^ a; = 2 is an equation in which the value of 
'x is 8, since the fourth part of 8 is 2 ; and, if both sides of 
this equation be multiplied by 4, we shall at once have a; = 8. 

liCt «+ 2a = 8a — 2a? be a given equation. 
Add 2 a; to both sides, then 

X -h^of + 2a = 8a. 

Subtract 2 a from both sides, then 

fl? ^ 2« = 8a — 2a.' 

On comparing this mth the original equation, it appears 
that the fix and the 2a have each been transposed, or removed 
from one side of the equation to the other, and have had their 
signs changed. 

Now '.' X -^ ^xss SXf and 8a — 2a == 6a 

and taking a third part of each member of this equation^ we 
have 

a; = 2a for the value of the previously unknown quantity x. 

Hence it appears that we may transpose any of the terms 
of d,n equation if we change their signs, and that whatever 
we do to one member of an equation, we must also do to the 
other, in order to preserve the equality. 

Solve the following equations : 

1. ^4-3t=:18 — 4dr. Ans. x=sS. 

2. a; + da ss 18a ~ 4^. Ans. x ess 8a. 



3. 4« — da s 80 + 2i. Ans. « » a(a + i). 

4. 7 + 6« -> 4 as 12 4- 84P. Ans. oi » 8. 

6. 4 (4? --* a) B 10« •* 88, Aii«.49s6. 

0. a« 4- c ss a -*- Od;. Ans. w = ^ . 

a 4" ^ 

7. ^^8«-6, An8.jf«84, I 

8a( + 1 

8. 5a« •*- 1 a 8a(« + R Aob. « » ■ ■ " . 

Problmm. 

1. A man buys a cow and her calf for 21/., and the cow is 
worth 6 times as much as the calf: what is the value of 
each? 

Let a pounds represent the value of the calf; 

then */ the cow is worth 6 times as much, 

/. Qw is the value of the cow. 

But, by the question, the value of the cow "f the value of 
the calf s= 21 pounds. 

.-. 6« + « = 21 
that is, 7x = 21 

.'. ss 8 pounds aes vsluo of calf, 
and 6« s 18 pounds ss , cow. 

2. A had 100/. and B 48/. ; B gave a certain sum away, 
and A twice as much, and then A had three times as much as 
B had. What did A give away? 

Let a as number of pounds B gave away, 
then2dr= A 

Now each man*s whole money minus the money he gave 
away = the money he had left 

.'. 100 — 2a? s= money A had left, 
and 48 — a^ ... B 

But, by the question, A had left 8 times as much as B, 

.-. 100 — 2 a? = 8(48 — «) 

that is, 100 — 2a; = 144 — 8^;, 

By transposition, do? — 2 a; = 144 — 100 ; 

that is, a; =s 44/. = B*s gift, 

and 2 a = 88/. s A*s gift. 
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3. Divide 600/. among three penonsi A, B, and C, so tbat 
B may have twice as much as A, and C as much as A and B 
together. Ans. A lOOL, B 200/., and C 300/. 

4. The difference of two numbers is 7, and if 8 times the 
less number be subtracted from 3 times the greater, the re- 
mainder will be 6 : find the numbers. Ans. 10 and 3. 

5. A nuin and his son earn 96 shillings in a month: now 
the man's labour is 6 times as yaluable as the son*s: how 
much ought each to receive? Ans. The man 4/., the son 16#. 

6. Two persons, A and B, invest equal sums of money in 
n&ilway shares; A gains 300/. and B loses 460/., after which 
A*s money is 6 times as much as B*s : what money did each 
invest? Ans. 600/. 

7. A line, a feet long, is to be divided into two such parts 
that one part may be b times the length of the other : find 
the length of each part 

Ans. 5-^ feet = less part, v^ feet = greater. 

Find the length of the parts when a ss 20 and 5 = 4. 

Ans. 4 and 16. 



CHAPTER II. 

PEACTIONa 

IX. Algebraic Fractions are the same in principle as Frac- 
tions in Common Arithmetic, consequently the same rules apply 
to both. Suppose any unit, as an orange, to be divided into 
h equal parts, and a of those parts to be taken, we shall then 

have the fraction j , just as, when we divide the unit into 

8 equal parts and take 5 of them, we have the fi!action ~ . 

Since j expresses the quotierU of a by i, and since quo- 
tient X divisor s dividend 

/. - X 6 = a ; 

that is, if we midtiply a fraction by its denominator^ we obtain 
id numerator. 



it FftAGTIOKS. 

Multiply each mismber of the equation by n, then 

no X r =i na 

a na 

b'~' nb* 
that is, the value of a fraction is not altered by multiplying 
both numerator and denominator by the same quantity. 

Car. \' — 7 = r» •'• ^'^ value of a fraction is not altered 
no 

* 

by dividing both numerator and denominator by the same 
quantity. 

Examples, 
1. Multiply H ^y 2; f by 13; -/by 16; and -/ by 5af. 

m 

- X 2 =: a?, ••• twice the half of anything = the whole of 
that thing. 

- X 13= 4a;, '.* 13 times the third of anything s= 13 thirds 

= 4 times the whole of that thing. Hence, when we have 
to multiply a fraction by a number, we may, if we can, pre- 
viously divide the multiplier by the denoipinator. 

-^ X 16 =s 6 y, ••• 15 times r = -r- = 6, or ••• 16 -*• 5 

D DO 

= 3, and3y x 3 = 6y. 

--- X 6 a: = —7-^ *.• 5 times - = ---, and y x x^s^ssy, 
4 4 4 4 ^ 

3. Multiply? +-^ — -^ +-^ — j| by 34, and add the 
results. Ans. ^x + 18a? — 300? + 9a; — 14 a; =s a?. 

8. Multiply |^-^-| + I|-^by 20. and add the 

results. Ans. 6y. 

4 7 3 9 3 

4. Multiply r- — h s T- + ?: t)y 8^» and add the 

^ "^ X %x Qx 4:X 3 "^ 

results. Ans. 13« — 11. 
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6. Multiply I +1 « ^ -^S + 3 by 10;»'. 

Ans. x"^ -f 30«* + 60« — SO, 

These examples will aid the student in clearing equations 
from &actions. 

GREATEST COMMON MEASURE. 

X. A measure of a quantity is any factor which will divide it 
^thout remainder: thus 2 is a measure of 2a; a« is a mea* 
8ure of aaP; a + 6 is a measure of (a + d) a . 

A common msadwre of two or more quantities is any factor 
which will diyide them all without remainder; and their 
greatest common measure is the greatest factor which will so 
divide them: thus a is a common measure of 2a, 6a^«, and 
iaaf^, and their greatest common measure is 2a: also 3(a + ^} 
is the greatest common measure of 6 (a + b)\ 9 (a* — b'^) and 
12 (a^ — ft3), for 6(a + i)« = 6 (a+ b).{a-\- b), 9(a« - 6*) 
=9{a+b) (a- 5), and 12(a'-6') = 12(a +*) (a«— a6+6^; 
where 3 (a + ^) is evidently the greatest common feustor. 

This mode of proceeding, by separating the quantities into 
their simple factors, will frequently enable the student to as- 
certain the greatest common measure* 

Examples. 

1. Find the g. c. m. of «^ + 2d? — 3 and ^ + 6« + 6. 
flj» 4. 2« — 3 = a?^ + 3« — fl? — 8 2s (;» + 3) « — (« + 3) 
= (« + 3)(a?— 1) 

0?' + 6a? + 6 = «» + 3a? + 2a? + 6 = a? (a? + 3) + 2 (4? + 3) 

=^(«+8)(« + 2) 

•*. a? -f- 3 is the o. c. ic. 

If a?^ 4. 2a? — 3 and a?^ + 5a? + 6 were the two terms of a 
fraction, it could be reduced to its lowest terms by dividing 
both numerator and denominator by the greatest common 
measure a? + 3; thus 

a?* + 2a?-3 (a? + 8) (a? -- 1) a?— 1 . , . . 

^ . K — r^ = 7 ST7 7^ = 7: f the fraction m 

aj* + 5a?-i-6 ^a? + 3) (a? + 2) a? -f- 2 

its lowest terms. 
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2. Find the o. o. m. of — , . . « . 5-, and reduee the 

fraetioii to its lowest tenofl. 

fl,V^_ 1) _ 6«(a?-l) + 6(iP---l) 
«''(«-.l) + 5fl?(a?-l) + 6(a?-l) 

"° (« - 1) («* + 6fl» + 6) fl?V 6« + 6 
«■ the friotion in its lowest terms, and m^lmaQ,o,u. 

jp^ ^ 9 fl. 4. go a^ — 4a? — 5g+ 20 

^2 ^ e« -- 55 "* «'— 6a? + 11«— 55 

d;(t9«iS»0r) + 11 («- 5) (« + 11) (« — 6) 

^ "^ 4 
— TT^the fraction in its lowest tenns, 

and « •^ 5 Bs a. 0. V. 

5= -5 — ^ = the fraction in its lowest tenns, 

and 4^ + ^ B o* 0, H. 
at + ggg — 3&» — 4^c — qc — c* 
• 9ac + 8a» — 6ab + 4c» + 8*c — la^ 
gg^ + qc + 8a6 — flab — fee — 8 g* -- 2ag -^ g* — 8ttf 
"2a*-.8aJ + 8ac + ac— 4ftc + 4c* + 8a6 — 13^+12ftc 

a(2tt + c -I- 8») -^ fe(2a + g + 8&) ^ c(2a -|- c «f 8^) 
*" 2a(a — 45 + 4c) + c(a — 4ft + 4c) + 8ft(a — 46 + 4c) 

_ (fl — ft — c) (2g + c 4- 3ft) _ g^ft — tf 
^ (2a + c H- ST) (a — 4ft -f 4c) "" a * 4ft + 4c 

= the fraction in its lowest terms, 
and 2a + c + 3ft = a.o.M. 
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XL A qoantil^ is a muUiipU of another when it oontains 
tliat other a certain number of times without remainder: 
thus 6a is a multiple of da; n^ is a multiple of m. 

If a quantity measures another, it will also measore any 
multiple of that other. Thus, suppose b measures a by the 
units in m, that is, let ft be oontamed m times in a, then 
a =3 m d, and let f»a be a multiple of a, then na vm nmb; 
hence ft measures na by the units in nm. 

If a quantity measures two others, it will alio measure 
their sum and difference. Thus, let w measure a by the units 
in n», and ft by the units in n, then a tm mw^ and ft mt na, 
.'. a d^ ft » m0 ± fitf ::« (m ± n) a: hence a measures their 
sum (a 4- ft) by the units in {m + n)» and their difference 
(a — o) by the units in (m » n). 

We can now investigate a general rule for finding the 
greatest common measure of any two numbers. 

Let the numbers be represented by a and ft, a being > ft. 

Suppose ft is contained xaa^p times with remainder c, then 
asspo + o: 

Suppose e is contained in ft, 9 tunes with remainder d, then 
bvsqe -^ d: 

Suppose d is contained in c, r times with remainder 0, then 
c^s.rd, 

ft)a(p 
jpft^ 

qc 

d)c(r 
dr 



Now '.* d measures c, .*. d measures jo, and qe + d, that 
is, ft; 

/. d measures ph tmSipb + c, that is a. 

Hence the last divisor d measures both the given numbers 
a and ft. 

d is the greatest common measure of a and ft : 
for Buppose ) to be the greatest common measure, then 



6» 9fl«*-4^y— ey», and 84>'— 8ilty + 4y*. Ani* • — «jrJ 

6* »iir^—3«'--.8» + 8, and 8a>* + ^«*— ^A?*— 3**- 1. 

Ans. JD^ — 1.1 

Bedace to the lowest terms 

7. ,3 and ^^.T^ > Ans..^^ and — -^. 

ADDITION, SUBTRACTION, MULTIPLICATION, 
AND DIVISION OF ALGEBBAIO I*RACTlONS. 

Examples. 

1. Add together — ^ and -^— . 

Here the least common multiple of the denominators is 
da, and the two fractions can he reduced so as to have a 
common denominator hy multiplying hoth ter&is of the first 
by a«, and both terms <» the second by &; thus> 

a a?— 5 2a? _ 4a?^~10jp \ 

£-J. 8 ^ 3a?-8 r ••• b5 = theBttm. 

aa? ^ 8 6a? J 

2. Find the sutn of rt« — r^ + ^c, Tfl — ^ft— ^c and 

3 9 5 4 5 o 



Asmnoir, Ao. 



M 



1 ^iij I 

— a + —e 

— a— -6 — -0 
4 6 3 

3 ^4 ^8 



6 20 . 6 

12 60 ^80 

12 * 60 "* 30 *^ 
12 ^60 ^30 



8. Of ^ ^ 



18 17 , . 11 . . 

• i2-^-eo-* + 8o' = "''°''^'^'^* 



6^_7£^_ 30jp' 14y* 

2 3 "" 12 ' 6 

3 ■*" 2 ~ 12 ■*■ 6 



7ay' 3y^ _ 
4 *" 2 "" 



21»» 9^ 



12 



6 



36 
12 



8 



«'— •T-y^=2^«' — lt/ = Bum. 



4. Collect 



6 
3 , 



1— « 



4(l-ar)2 • 8(1 -a?) ' 8(l+a^) 4(l+«)' 
into a single fraction. 

Taking the second and third, and reducing them to a 
common denominator^ 

l5+3« 



3 



X-r- — = 



8(1 — d?) l4-« 8(1— «*) 



1— « 



1— « 



4 + 2jp ^ a-fjg 
8(l-.a?')""4(l-;if) 



ty 



8(1+«J 1— « 8(1— a?0; 
addition. 

Taking the fraction jnst found and the fourth, and reducuig 
them to a common denominatori 
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4(l-;»0 1+^'"' 4(l-a?0 3^H8^+1 . 

subtraction. 

Taking the fraction last found and the first, and reducing 
them to a common denominator, first finding the least commoi 
multiple, 

4(l-a?)) 4(l-a?)^ 4(l-a?^.(l+«') 

(!-.«) (1 +ar) (l+a?^=4(l--a?)(l-;rO= ^-c-^ 
3 l4-a?+a?Har^ __ 3+3a?+8a?"' + 3ar^ 

4(l-a?)«^H-;c+«^+««'" 4(l-a?)(l-«*) [_ 

4(l-;p*) ^l-a?""4(l-:c)(l-«*) 
4+4^+4;.^ ^ l + .H-^- 
4(l-a?)(l-a?*) l-a?-a?* + «' "^ 

- a 6 
5. Find the difference between a + i and ^ — o- 

a h 
2"'2 



.*. - + -J- = difference required. 
2 2 

6. Find the difference between « + ^ — t and 



a 5 c 4a 65 2£ 

a'*"2'"4-12"'"l2'" 8 
a + 6 <?_3a 36 e 

~i IB ""12 "'"12 ""8 



3 • 2 4 4 8 



a 3& c a + 35 c . 

— -I ss . Ans. 

12^12 8 12 8 
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7. Find the sum and difference of r and 



d,_2 « — 3' 



X a? — 8 ar — ddf 

X 



X 



/. by addition -^ — - — --r = the sum, 

a?*^ 5« + 

and by subtraction -s — = — Ta = ^i**® diflference. 
" ar— 6a}+ 6 

8. Multiply lfL=i by Hf+i ; .nd -^. by ^^Jl*^. 

4jp^— 1 2a? -fl _ (aa? + l)(2j?— 1) 2 a? + 1 
8 ^2a?-l"" 8 ^ 2a?-l 

_ (2a? -f 1) (2a? + 1) _ 4a?^ + 4a? 4- 1 
■"8 "" 8 • 

^o? {a-\'hf _ 2a» (g 4- 6) (g -f fc) 

a'^-t'^ 4.h'd' "■(a+6)(g-6) ^ 26* x 2a« 

a + 6 



26*(a-6)* 

9.I>Mael±iby^;and(i + i)by(l-^i). 

l+- 
t+ 1 , ^ a _ a + l , *« + ! _ « + 1 ah _ 

~T~ ' b ~ b ' ab ~ b ^« + l~*' 

b + a b — a 



/I i\ , /I i\ fe + g . 

Va"*'^; ' Va bj" ab ' 



a& 



) 4- a a6 _ 6 + a 
ab 6 — a"" 5 —-a* 



* Tbis is obtained by mnltiplyixig both temiB of the diyitor by a. 





10- Multiply ^.^;^^^)^^,,^ by^^. 

j0^ — a«^5dr + a5 ar* — 6« — a« + a6 

^«_a« + 6A} — a6 a>* + 6«*-oJ — aft "" 

fl»(a*— ft)— . a(a? — 6) (a? — a) (a?— -ft) _ ^^ — ft 

a>{aj + ft) — a(«4-ft) '^(« — a) (« + ft) "" a? + ft 

^-« — ft..* + ft T 

find ■ . . X 7 — 1. 

a + b ai — ft 

a* , ar^^ 
11. Collect iiito one expression . ^ ^y + /^;^^\»~i 



a 



(a + ft)^ 



Here '/ (a + ft)" is the l. Ct u. of the denominators, we 
take the second and third fractions, and reduce them to the 
denominator (a + ft)* ; thus 

ar-^h^ o-|.ft _ ei^-^ft»4-o*"~n^ \ 

^a + ft)— ^^a + ft~ (a + ft)* [ 

o^-86» (g 4- ft)^ ^ tf*"-^ ft* f 3a*^-^ fc^ 4- tt"*-^ ft* 
(a + ft)-"« ^ {a^hf^^ (a + ft)* 

s -r hy subtraction, 

(a + ft)" ^ 

and prefixing the first fhiction, we have 

f* "" ^^- — ' — = the expression required. 

EeumpUB in AddiHon of Fractiom, 

.X. j» 2a? J 3a; . ^ 23a?_ ^ 11 

1. Add together -, -^ and -j-. And. — fca? + ^x. 

^ 2a? 3a? 7a? .a? , a 

2. -=-+ -7r+ tjtJ and-- — f 



5 2 10 a+w a— Of 

13a? , o*+2aa?— a?' 
Ans. -^— ; and « — -= — . 
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3- 7rr+-r' + 7^J ^^ — s + 



2b ^ & la «+8 a?— 3 

106aH28a»ft+80J« . 2^^ 
Ans. ; and • 

. a-4-ft . a-— 6 , 2« . 1 
4. T H --t; and ; ■ "_^ + 



5.2l±^yt^+A;anaJ!^+ 1 



a+6 ^a—b' af^+wi-l x^l' 

Ans. ^^-^7-f +y, and ' 



«»-^ ' — 1-0 
EaampUi in Subtraction of Fractions. 

1. From -rr- take - ; and from ^ ^ ^^ take -—-> 

4 4 8 

Ans. -^a; and — ^ — =^. 
o o 

2. -^= ^7= — ; ahd 5 7-. 

y— 1 ,2«^— 13« + 2 
Ans. %.. ; and 



21 ' — aj»-.l 



„ a-l-25 tt— 26 ^ 1 
3. —^77— '. ^, ; and 



26 «4-26' «— y d?-t-5f 

. 8a6 . . 2y 



, 1 1 ^ . »«»— 2«+l « 

4. — '-r — 5; and 1 — T. 

y— 4f y'— jT fl?'— a? «— 1 



y + ;2?-l -, 1 

^s. ^^—5 — ^; and 1 . 

y'— ;r « 

2 
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5. ; -— ; and 7- xt — t; x3 + 



«-l aj + r """(i-a)'^ (l-a)«^l— a' 

Ans. — s : and r — . 

^' a?«-l '""^ (1— ay 

0. .^ ., + — ; ^— ; and 1— ; r: 3 — s- 

Ans. ; and 1 



i»+y' (« +y) («— j^)"*' 

-. 1 8w»-|-2n 1 3w — 2» . 6wn 

7. r-r T— — x-;:^ :r-. AnS. 



ar»" 4P«» 1 1 

8. — i_+_l— . Ans. a?«»+2. 

Examples in Multiplication of Fractions, 
1. Multiply — by -.; and — by -^. 



. 3a« . a?V 
Ans. — : and — ^. 



a?'-— 1 6a 

X 



^x s^ — «® - 

2. X ■ ^ ; and « .. 

a?— y 8 8 «+l 

ai' "4" •I't/ 
Ans. — J— =^; and2a(i^— 1). 

^ a?-5» 1 a ^ 16:»-80 ^^ 
3. X — -tX 1\ and — ^^ x 



aH-6 a— 6 2;2? 6«f— 10 



Ans. l; and?.. 



4, i — T-^x i 7^; and ( TO + 1 ) X 

^ «— 1 \ TO / ,■., 

m + — hi). Ans. ; and m*+l+— =-. 
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®- {^-'•'*-'''}^^- ^"^-^ 



a— « 



Examples in DivUion of Fractions. 
1. Divide — by -—; and- oy 



n 3n 2a?— 2 a?— 1 

Ans. tW*; and 7. 
2 4 

4a + 8 . 2a+l .._^ (a; + y)« . e+y 

**- — o "^ — E , ana • -r-T rr» 

3 5 a a?— y (*— y) 

Ans. -^-; anda?'— y\ 

«('+£i)*(''-i^>'°H"-i)-<- 

(J?^ + - ). Ans. — '-— ; and a?^ — -. 

a?/ a?— 2 a? 

a?"^— 3a?^a+3a?a'— a^ w—a . , .. 

4. ; . Ans. (a-^a]'. 

a?4-a a-\-a ^ ' 

a?*-y* ^ a?-y a?^4-^V+a?y^-f / 

1 

6. (a?^ + 2 + iU!^. Ans.^^^. 

\ a?v a a? 

Find the value of x in the following equations. 

1. 3a? + 4 = ^£±i + 8. Multiply by 2. 

6a? -j- 8 = 5a? + 4 + 16. Transpose. 
^6a?— 6a? = 4 + 16 — 8 

y* .-.a? = 12. 

• 30+ a? ^ 6 T^ 1,. , , 
2. 5 = - . Multiply by a?. 

30 4- a? — 5a? = 6 . Transpose, 
a? — 5a? = 6 — 30 
— 4a? = — 24 . Divide by — 4. 
/. a? = 6. 
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8 g * 6jg-h4 _^ * 8ai-2 Multiply by C, the lxx 
' $2 3 3 * of the denckminntors. 

die — 10;i; -^ 8 e*: 4^ — 16^ + 4, Transpose. 
8« — 10« + 16a? =5 42 + 4 + 8 

9ji?>;=54 

a 6 6a?-6 

Here ^""^ «, — ttt — ^, hence the equation becomes 
tff*-^l (a?H-l)(a?— 1) 

^ ^ +^=^. Multiply by 8 («+l). 



a?4-l 2(a? + l) « + l 8 
16 + SO + 48 = 21 (« + 1) 

84 = 21 (a? + 1) 
4 = a + 1 
.'. 3 sss a;. 

2acd? 4- 2&C ^ , ^, 

2a« + 26 + -^ — '=■ iax + d + 2t. 

'.* 2a« and 26 are found ou each side of the equation ^ritli 
the same sign, they may be omitted; and the equation becomes 

r — = d. Multiply by ex + 6. 

ex "t" 

^acx + 25c r= Qdx + bd, Tro^ppso. 
2acx '^cdx=i 5(2 — 25c •* 

(2ac — ce2)^= 5<2 » 25c 

5(1 — 25c 



X = 



2ac — cd 



* The sign — in front of these fraction! changes the signs of their 
nnmeiators ; for it indicates that each fraction if to Ise twbiracted from the 
quantity preceding it. 
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_8 

7x + — Hot — 43a> ^ • 

^^+2 . ^^ 3 84B-H , 2 



10 ' 12 5 ' 22 

— 

^^'^— To-=— 20- 

8 

114? t; lias .. ft , o 

2 4 44g — 2jg + 3 _ 

12 "* lli 48 "" 

42^ + 8 _ Uay -H 1 
48 "" 16 * 

d^8« 



43« — 



2 86«^«*3 4-8^ Q4«^8 



02 44 ^ 44 

Hence the equation becomes 

14a? + 13 14aj + l 8d? + 1 94« — 8 
20 ^ 16 5 ^ 44 

Multiply by 860, the l. o. m. of the denominators. 
616« + 579 + 770m + 55 =■ 528i» + 176 + 1880* - 60, 
1386ir — 2408« qp 116 — 627 • 
•-1028« =--.511 

_j-611 _1 

- 1022 2 

Proilems. 

1. Divide 100 into two such parts that, If the one be 
divided by 15 and the other by 5, the sum of the quotients 
shall be 10. 

Let a be one part, then 100 -~ a will be the other. 

.- a? , 100— « , . , 

Now Yg Wid ■ .» . t^t . i , pre the two quotients. 

H^Q(5e, by tb^ question, — + ^^-^ = 10. 
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fl. + 300 — Sa? = 150 
— 2« = 160 — 300 
= -160 
.•. ass76 =i one part, 
and 100 — a? = 100 — 75 = 26 = the other. 

Or thus; let a and y be the parts, 

then « H- y =s 100 (1) 

and :^ + ^ = 10 (2). Multiply by 15. 
lo 

a? + 3y = 150) „ V. . 
,^^1- Subtract. 
(1) W+ y = 100j 



2y = 60 .-. y = 25 = one part. 
(1) a? s= 100 — y = 100 — 26 = 76 = the other. 

2. A person in a foreign town wishes to exchange a soire* 
reign for 26 pieces of the two kinds of coin used there ; and 
he finds that 30 of the one, or 15 of the other, are equal to 
a soYcreign. How many must he have of each? 

Let a be the number of one kind, 
and y the other; 

thena;+y=r26 « (1) 

coini. coins. shill. shill. 

2d? 
30 : a? : : 20 : -^r- = value of the x coins. 

o 

16 : y :: 20 : ^ = y ... 

Hence, by the question -r- + -~- = 20 shillings (2) 

3 3 

Multiply (1) by 2, 2 a? + 2 y = 50 j ^^^^^'^ 

2y = 10 .-. y = 5 

(1) a? = 26-2/ = 25 -6 =20 

Ans. 20 and 5. 
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3. A person lays by }th of what he spends. His income 
being diminished, while his expenditure remains the same, 
he finds he now lays by only half the former sum. What 
part of the original income was the diminution ? 

Let 2 X pounds be what he lays by, 
then 8a; is spends; 

.*. 2ar -f B;i; = lOor =s his original income. 

Again 8 a; is still what he spends, 
X lays by; 

.*. 8 a; -f 0? = 9 or = his diminished income, 

.'. lOo; — Oo; = a; =: the diminution, 

—- X \ 

Hence — - = 777 = Ads. 
lOo; 10 

4. A performs a joum'ey at a certain rate ; had he travelled 
\ a mile an hour quicker, he would have performed the jour- 
ney in 4 of the time ; but had he travelled ^ a mile slower, 
he would have been 2^ hours longer on the road. Find the 
distance and his rate. 

Let X miles be his rate per hour, 
and y miles be the whole dislance, 

then - is the number of hours the journey occupies. 

X 



2a;_+ 1 , 
"2 



Now X -{■ \ OT — - — is the increased rate ; 



•*• y -t 7: — or r — -~ is the hours he would be on the 

road, by travelling ^ hour quicker. 

Hence, by the question, r — ^ «-.'?- (1) 

t^X "f" X \} X 

2^ 1 ^ 

^gain a? — I or — - — is the diminished rate ; 

2 

.'. y -5 — or - — ^ is the hours he would be on tjje 

A Ax ■"" X 

Iroad, by travelling \ hour slower. 

c 3 
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Hence, by the question, ^ — ^ s= - + Sj ........ 


. (3) 


■Hiirifln rnW "w — 






DiYide (1) by 3y, jj^^i^ga? 




6«— 4af = {J 


.-. « = 2 




Substitute this value of x in (2) 

4-X 2*^2 


1 




3 2"*'2' 


Multiply by 6. 





4y = 8y + 16 

4y — 3y = 15 /. y=15 

Ans. Distance ss 15 miles ; rate 9 2 miles par bouf. 

A hare is 60 leaps before a greyhound, and takes 4 leaps 
to the greyhound's 3, but 2 of the greyhound's leaps are as 
much as 3 of the hare's; how many leaps must tbe grey- 
hound take to catch the hare? 

Let X = the number of leaps. 

The number of leaps the hard takes 
2 : iB : : 3 : ^ =: -{ from the time she starts till oyqt- 

taken. 

The number of leaps the hare takes 
a? : : 4 : -^ = -{ from the time the greyhound 

starts. 



3^ f 

■■--[ 

4'=| 



tT 3^ 441 

Hence -^ — 60 = -^ 

9fl? — 300=80 
X = 300. Ans. 



A person in play lost a fourth of his money, and th^en won 
back 3«., after which he lost a third of what he had left, 
and then won back 2a. ; lastly, he lost a seventh of what he 
then had, and after this found he had but 12«. remaining: 
what had he at first? 
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Let oi n ibe monqrhe had at first, 

then 7 he lost, 
4 

» — - = -- he had left, 
4 4 

.-. -T- + 3 or T he had after he won 8«, 

4 4 

— i— he lost the second time, 

4 

...8a> + ia^lJlf^a#±i^*±ih', had left. 

• • 4 4 4 d ^^ 

iM J- A il! -4- ft 

> « M + a or --— - he had after he won 8f , 
hence _ ■ ■ be lost the third time, 

14 

fl? + 8 jK + 8 7«4-56 a + S Ca? 4- 48- , ., -, 
__ JJ^ ^^ ■ ■ 14"- fj- " — j^— hehadleft, 

. 6« 4- 48 

hence — ~ — = 12 hy the question. 



or 



14 

a + S 
14 



« + 8 = 28 
.% a? = 28 — 8 •= 20«, Ans, 

A company of foot march 1165 of their own paces ahead of 
a troop of horse ; now, if the foot take 5 paces to every 4 of 
the horse, but 3 paces of a horse be equal in extent to 4 paces 
of the foot, how many paces will the horse haye mkrched be- 
fore they overtake the foot? 

Let X be the number of steps the horse must take, 

horse steps horse steps foot steps foot steps 

then 3 : « : : 4 : -^ 

o 

C3 number of footsteps the infantry march from the time 
they start till overtaken. 
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hone ftepf lione itepg £oot ttepi foot steps 

4 : « : : 6 : -7- 

4 

as number of footsteps the infantry march from the time 
the cavaliy start. 

...--1165=- 

16af— 13980 = 15a? 
16«j— 16« =13980 
.-. a = 18980. 

A waterman finds by experience that he can, with the 
advantage of a common tide, row down a river from A to B, 
which is 18 miles, in an hour and a half; and that to return 
from B to A against an equal tide, though he rows back along 
the shore, where the stream is onlj three-fifths as strong as 
in the middle, takes him just two hours and a quarter. It is 
required from hence to find at what rate per hour the tide 
runs in the middle, where it is strongest. 

Let a = the rate per hour the tide runs in the middle, 

then -r- = at the side. 



18 
and -J- = 1^ miles = the rate per hour he can row in the 

middle, with the advantage of the tide ; 

.*. 1$2 — a;= the rate per hour he can row without the tide. 

18 
Again, — - = 8 miles = the rate per hour he can row 

*. 
against the tide at the side ; 

Hence ia-« = 8 + _ 

60 — 6a? = 40 + Sa 

8a? = 20 

a? = 2| the rate per hour the 
tide runs in the middle, where it is strongest. 
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Simple EqiuUions 
, 5« . 2 .1 

^' T + s^^' + a- * = ^- 

^ 3a^ — 4 a a 

^- -2 2 + 4 + ^- ^ = ^- 

3. 5.-5^^ = 1^-3.. . = 5. 

4. - + 2= -. a? = 8 

a X % 

X ^ X x + h 11 

8 ^12 4 4 fl^ — !-«. 

. + rt X 

0. ; = X. 

b a 

7. .A._«« = l,«_ « 

8. ^ ^ ^ = ac + 7-a?. 

do; 

Frohlems. 

1. Ten years ago a boy*s age was ^ of his father's, but 
now it is ^ of it ; what are both their ages ? Ans. 15 and 60. 

2. If from three times a certain number we subtract 8, 
half the remainder will be equal to the number itself di- 
minished by 2 ; what is the number? Ans. 4. 

3. If to the numerator of a certain fraction we add one, its 
value will be \, but if from its denominator we subtract one, 
its value will be \ ; what is the fraction ? Ans. ^. 

4. £132 is to be divided between A, B, and C, so that B 
will receive ^ as much as A, and ^ as much as A and B 
together; £uid the share of each. 

Ans. A £40, B £32, C £60. 

5. A, having a certain number of sovereigns in his purse, 
and meeting two of his creditors, B and G, gave to B ^ of 
the money, and to C 4 of the remainder ; he then found that 
he had left exactly -^ of the original sum ; what money had 
he at first? Ans £110. 

6. A grazier spent ^ of his money in horses, ^ in oxen, 
and -^jf of the remainder in sheep ; after which he found he 
had £98 left : how much had he at first ? Ans. £240. 



fl?=. 


— fl. 


X^sz 


1 

ah* 


Xz 


_h 
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CHAPTER III. 

INVOLUTION. 

XII. Involution is the raising of a quantity to my required 
power by multiplication. 

Thus, a X a= a} x a^ = a*+* = a^as the 2nd power, or 
sqiiars of a. 

a X a X a = a^+^+^ = a* = the 3rd power, or cube of a. 
axaxaxa... ton terms = a^-^^-^i-^^-^^c^tontexam _- ^» 

Again, a^ x a" x a^ = a«+2+« « d^xa « (a2)8 „ ^, 

a^xa*x a* ... to m terms =«"+*»+»»• •*®*"**™*=a*^"*=a*"'. 

Hence, to find any power of a quantity, we multiply the 
index of that quantity by the number indicating the power to 
which it i« to be raised. 

\/a X \/a^=ai x ah s= ai+4 = a* sss a, 

Va""x \/ax Va = a* x a* X aS =ai+i+i =«! = ^^ 
(^ af as— ax^a^a\ 
(— a)' =— a X — a X — a «=— «•, 
(— a)* =— ax — ax — a x^o,viQ^\ 
kc. &^» &o. 

Hence, even powers of negative quantities artporitive; and 
odd powers of negative quantities are negative, 

{a+hf^{a+h)x{a+b)^a^^^ab+b^ 

(a- hf=:{a^h) X (a-ft)=ra»-.a ah+i^ 

(a+5)»=(a+J)x(a+6)x(a+6)==a'+3a'H3aJ^+6' 

*=a«+ft'+8flJ(a+J) 
(a-ft)»=:(a-ft) X (a-6) X (a-.6)=:a»-3 a« 5 + 8 a5^- J» 

s=a'— ^— 3a5(a— 5). 

Hence, bv the last two formulas, the cube of the sum of 
two quantities is equal to the sum of their cubes + three 
times their product multiplied by their sum. 
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The cabe of the difference of two qnantitiea Ib equal to the 
difference of their cubes — three times their product multi- 
plied Mj their difference. 

{a-]'h-{-cf={{a^h)+cY^{a+hy+fl{a+b)e+i^ 

(ai.h+c+df=^{{a+h)+{e+d)r^ 

(a+ft-c+(i)«={(a+JMc-rf)}«- , ,,, ^ , ^ 

(a+6)»-8(a+J)(o-<0+(«^^- 

Examples, 
1. Show that (a-2aj)*=a*— 4a«+4«*. 

4. (2aj-3y)*=i4«*-12a:y+9y». 

6. (2«-lf=4a?*— 4«-fl. 

6. {a+ft)*=a*+4a»ft+6fl«ft'+4fl5Hft*. 

7, (a^«)*=«*-4a»«?+6a««*-.4a«H<»*. 

10. («i+y*y««+»ar*y*+ya««+a>/iy4-y- 

19. («*y+Vy)'»fl>y+9«*!^+y. 

13. (a?*-y*)'=aj-3a?V+3a?*y*-y. 

14. (a?+l)*=«*+4d?H6a?H4«+l. 

15. {(a+i)*-.(a^i)*}«: 

aJ_3(a+5)i(a-.J)*{(a+6)*-{a-J)*}. 

EVOLUTION. 

XIII, Etolutton is the extraction of roots. ^ 
The square of a being a^, the square root of a* is a. 
The cube of a being a'*, the cube root of a' is a. 
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The square root of a is ^^a, or oS ; •.* N/aX ^a^=a^ and 

The cube root of a is y/a^or a^. 

1 

The nth root of a is v o, or a". 
The cube root of a' is Va^ or a^. 

The wth root of a* is Va", or a*. 

Hence, to find any root of a quantity, we divide the index 
by the number indicating the root required ; 

••• •\- a x + a^-\- a^y and ^a x — a^=^-\- a^ 

,\ k/ a^ = + Of or — a. 

Hence the square root of a quantity is either positive, 
or negative. 

••• +ax +«X 4■a=+a^but —ax — ax— a=— a'*; 

/, v'a^ss+a, but \/— a^=— a. 

Hence the cube root of a positive quantity is positive, but 
the cube root of a negative quantity is negative. 

Since there is no quantity, which, being multiplied by itself, 

will produce —a, .•. V —a is an impossible quantity. 

a^ •{- ^ah -j- h'^ being the square of a + b, we may, by 
means of this formula, investigate a rule for extracting the 
square root of a binomial; for a^4-2a5+ft^=a^-|-(2a-f-i)ft, 
and '.* the first term of the root is a, the square root of a\ 
we have only to find a divisor which will give the quotient 
+ bf and this divisor is evidently 2a + 5 ; that is, twice the 
first term of the root together with the second term of the 
root. 

Hence, to find the square root of a^^-2aft^-6^ we first 
take a, the square root of a^, and place it in the root, and 
subtract its square from a'* + 2 aft + 5^; we then double 
the root a for a divisor, and divide the remaining portion 
of the quantity, namely (2a + ft) 5, by 2a, and place the 
quotient ft in the root, and also annex it to the divisor; 
we then multiply 2a + ft by the second term ft, and subtract 
the result. 
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The process may be thas exhibited, 

a» + 2a6 + 6» (a + b 

y.8 



a" 



2a + 5) iiab + b^ 



Xj6t us applj this rale to the extraction of the square root 
of the number 1225. 

1226 (30 + 6, or 35 
900* 



60 + 5, or 65) 325 

325 



Xet it be required to extract the square root of a' + 2a ft + 
2ac + 2ftc-hft* + c^ 

a* + 2aft + 2ac + 2fto + ftHc' (a + b + c 
a* 



2a + ft) 2aft +ft' 

2aft +ft' 



2a + 2ftH-c) 2oc + 2ftc -fc® 

2ac + 2ft<? +c* 



In this example, having obtained a + ft> this portion of the 
root is doubled for a new divisor, in order to obtain + c, the 
remaining portion of the root. 

Since the cube root of a''4-3a^ft-|-3aft-+ft' is a + fti we 
may readilj derive a rule for the extraction of the cube root. 
The cube root of the first term a^, is a, the first term of 
the root; we subtract its cube from the whole quantity ; then, 
for a divisor we take 3 a*, and dividing the first term of the 
remainder by it, we obtain ft, the second term of the root ; 
then annexing 3 aft + ft* to the divisor, and multiplying it by ft, 
we obtain 3 a^ft-f3aft^+ft\ which is equal to the remainder. 

* In the ordinary arithmeticfd process these two ciphers would be 
omitted. 
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The process is as followi, 



a» + naH H- 3ai« 4. 5' (a + 5 



a^ 



8a«) 8a9ft+3a5« + ^ 



We will apply this rule to th^ e^ctmotioQ pf tbQ eub^ n)ot 
of 91125. q; ft 

9U25 (40 + 5, or 45 
a*= 64000 



8a2 = 3 X 40* == 4800) 27125 

3a^b=iS X 40* X 5 = 24000 

8a52 = 3 X 40 X 6*= 3000 

^' » 5' » 126 





ordinary arithmetical 

4»x 3=3 

6» = 
S* X 4 X 3 =. 

6 X 48 ^ 


27126 


The 


process would be 

9il25 (45 
64 




48) 27125 

126 

30Q 
840 




27125 



Examplea, 
1. Find the square root of 4fl* + Aftai •(- x\ 

4.cf + iaas 4- of (2a 4- a? =s the root 
4a^ 



4a + x) 4aa? -f- oj* 

4a;2? + «* 



2. V(29««j^-f80«y»+12a?»y+25y*-f4a^). 

9«^y2+20«*y«+30a?5f»+12a?'y+26y*+4a^ 
9^y' (3a?y+2«»+6y'. 

12aj»y +4«* 

6#y+4«*-f-6y«) 80«y»+20«*y«+25y* 

80a?y»+20;fl?«y«+a5y* 



••■ 



In this example 29«»y*:^9a?*j^ + 90a»y*, and the other 
terms are brought down in the order which is found to be 
most conyenient. 



3. Vo^-^af*. 

flja-«aj8(a — ---,-^--—&o.a;p the root. 



a« 



/ia/ 



— a?H 



40"^ 



a 8a' 






"^ QAi"^ 



4a» ' 8a* ' 64a« 



■^^»— ■— — — "^iip 



— -T-T ;""8a* 64 a« 



a 4a' 



Here the process does not terminate, and the root is 
fnerely an approximate value of Va*— a?*. 

4. Extract the cube root of So* — 84a*a? + 294a«*— 343ar'. 
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6. The square root of 4^— 4a^+a^=s2aT— a. 

7. Vi— 8a+16a»=l-4a; and >/26a«+40aa?+16«*= 
5€»H-4a?. 

9. V'49a*+42a«i+96'^=7aH3ft. 
10. V(a?«-2o;p+aH2a?— 2o+l)=saJ— a+1. 

ii.^(»-+3m-i-i-+l)— +i-i. 

13. V(«'—8a2fl?+3aa?'— «*)=«— a?. 

36. V(8«^+36aar^+64o''a?+27dj»)=2a?+3a. 

16. V(«^-^^+15flJ*-20a?»+15a?«-6a?+l)=:ar«-2«+l. 

17. V(/-6y'+6y*+16y»-12y'-24y-8)=5^-2y-3. 



CHAPTEE IV. 

SURDS. 

XIV. Surds, or Irrational quantities, are such that the 
roots indicated cannot be exactly determined ; thus, 

\/% v^s: X/T, \/T\ v/h^, V^T^' a^d n/^ 

are surds. . ii . i 

These quantities might be expressed by using fractional 

indices, thus, 2», 6*, 4*, 3», (l+a?')*, («'+««)*» and (Sar*)*. 
Any rational quantity may be made to assume the form of 

a surd; thus, a?=v^^=flji, x^a^sj {x-^af^ix—d)*. 

Examples. 
1 . Prove that v/^+ \/^ + \/^ 1 B^v/sT 
y^243= y/oTxl = 9 v^S 

^^ = yriTs =3 v/r 
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=fe(9 + 3H-4) v/8=l6 >/3. 
2. Show that J}-v/8^-»7av/l8a+6>/73?— \/60a^ 

2 -v/8^=3 v/4a^ X 3a=3 x 2av/2a=4av^Sa 
— 7av/l8a=— 7av/9 x 2a=— 7a x 3v/2a=-5^1«\/8« 

6v/?2^=6v/86a2x 2a=5 x 6«x/^=30«n/^ 
— V^60a62=:— i/^5ft>x 2aaa— 6ftv/5a; 

and 4av/^— 21 av/2T+ &0a\/2a— 8^/2a= __ 

(4a-21i» + 80a-66) v^2a = (lSa~5i)v/2a. 
8. Multiply 

This operation can be performed in the same way as the 
multiplication of ordinaJry algebraie quantities ; thus, 






4 X J+e 

8 






¥+>'Vl^' 



^^-^>''^/[=f+"Vl■ 
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4. Prote tbat 13 /^/i +8 /y^JL„ ^•/J 

,12,^- 3,,- »4,- 3,,- 27,,- 
and — Va + J V2 ■= -j- V2 + ^ V3 = -^ >/3. 

fi. Reduce ( 2v/"8 + 3 v/"5 — 7 i/^) and 

(y/TS — 5 v/"20 — 2 y'S) to their simplest 
form, and find their product. 

4 \/"8 = ft ^/4 X 2 = 3 X 2 V"^ = ^ v/'^ 
A 2 v/'b + 3 v/T- T v/'a = 4 v/'2 + 8 i/l-T v/"^ 

= 3 v/"5 — 3 y/1^ 

%/!% ^ v^8d X a « 6 v^"a ; 

and - 5 s/1^ = - 6 x/TTS »= - 10 y^ 
.'. v/"72 — 6 v/"20 - 2 v/"2 = 6 v^'a — 10 y/1 

— a v^2=4y^'a-.io v/s] 

8 v/T — 8 V^ 
4 Vl — 10 v/"5 

lav/To — 12 X a 

- 30 X S + 80 yio 

4a x/"io — a4 — 150 = 4a v/To - 174 . 

6. Express as a single fraction 

Beducmg these fractions to a common d^ioniinator. 
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a + fty/iri a + tyZg a« + 2aft(-l)+y(— 1 

_ o»-,8a6-y , 

o-tyZT a-tyTTi a*-2aft(-l)+y(— 1) 

_ a^ + aaft — y 

~ a* + 6» 
Hence bj addition, 

a + by/ZIi a-hs/^ go«-2t* 2 (a* -ft') 

a-Jv/^'*'« + 6V^" «* + ** ~ **+*' ■ 

This example exhibits a method of making a binomial sard 
rational ; for the denominators of the given fractions are each 
multiplied by a quantity which has made them rational. In 
general since (« + y) (a? — y) = a?* — y*, any surd of tba 

forma dzy/ hor \/ a ± \/h maybe made rational by mul- 
tiplying by a similar surd of the form a qi \/h or \/a 4: ^Jlf 
using me upper sign when the ium is given, and the lower 
when the difference is given. 

7. Show that 
\ v/'3Q + 3 v/T+ g y/lf 

v/"^ + n/"3 - v/T "" 12 

Multiplying both terms of the given fraction by 

V^'a -t- \/^ + \/"6. we have 
1 ^^^T+v/T 



_ \/"2 + \/"3 + x/"5 

28 /— 

-q- + ^ag l>oth terms by y/ 6, we have 

no ,.. Ts + y/^ ^ gy/T-f 3v/'2 + v/ 3a 
?i+ li+f6 13 



8UBD8. 

8. Multiply ol + tfibi + e^b + lihj a^~ bK 
a +<Abi+ aib + t^ii 
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-V. 



9. ShowUiat 



l+^«_y 3 «*-v/'3 a*+«'(l _ ^«» + a. 



'-:; J 



— \/ 3 . a* + J a 



«-x/3.a*+a) 



2 a — \/3.a^+a^ 
2 a — y/"3.a^+a* 



10. Show that v/T? + v/li7- v/?+ v/48 = 8v/3 

11. ShoWtbaty4r-3v/1^4-4y'T35==2V"5 

12. Show that ^16-6 \/H» x/64-4 VJ?= ^ V^- 

-^ 14. 6 V» — (^*)^ - 3al + -^i6fl «= 8ai (a + 1). 
35. 2 V^i + 6 Vi^ + l/Os? « 9 V^- 



ALO. 



D 
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16. v/isTi' + 4/50 a* ^ ^(na^b + liah)s/iaF. 

17. %/I X 7^6 X Vi'=^ V^- 

18. {y/6 + 1) (1 - v/5) = - 4; and 
(v/3 + n/^) (v/3 ~ v/S) = 1. 

19.V^/+V^^^ + ^^^t^ + Sand 

aO. ^ /- /^ = \/3 - \/3 + v/e - 3; and 
V 5< + 1 

(v/3 + \/5/= 9 v/3 + 11 v^2. 

1 1 

<jl. / ^ + / ^ = 2a?; and 

{i3. Prove tliat -^J--— 1- - is the sqtiare root of 

g V«« — a?2 + 7-; and that 



CHAPTEB V. 

SIMPLE EQUATIONS, 
1. v/«+18 :fcf8 + v/i; find a?. 
Squaring each member of the ^qtuxtion, we hare 



3. 



■^^^ — 5-^^ + ^v «; find «. 



First, redacing the left-hand member of the expiation, 

« (v/i - y/a) =s 6 v/a, y^ - v/a « 3 v/^ 
v/« = 4 y/a, ,'. X = 16a. 

3 — = ^""^ -find 

Sqoarmg each member, we have 

«" + «* y + ((j-.a?)»' 

Multiply by the prodtict of the denominators, which will thus 
both be cancelled. 

iV = a'(c — «)«, ^« = a(c — a?) =^<? — ax, 
ax + hx=iae, (a + 6)a; = a(r, 

a + * 

D 3 
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4. Given 1 — >/!—«■= n(l + Vl —«); find*. 
1 — n/i — .« as n + » n/1 — «, 



1— ns=n\^l— «+^l— « 



= (n + ])N/l-a?, 

1 - 2» + n* = (n» + 2n + 1)(1 - «) 

= »* + 8n + 1 — (n* + 3n + 1)«, 

6. a — 4 s , . : find «. 

(1 + -y/l + »)» 

« 



vr+i+1 



(•l+«+l)(v'l+«-l) l(l+*-l) 






1 + 05 = 9, .-. « = 8. 

6. 8V8« + ^^^_3 = 16« + 3, 

ft /« /- « 81 (3 + 4>/3V») 
16« -. 8 Vs. V^ + 8 «s= ^ i6g-8 ^ 

_ 81 n/3'(>/3+4n/S) 
"" (4 n/ J+ y 3)(4 N^*— VS) 

_ ,- 81 ^/3 
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4 ^/i — \/8 -= 3I, 4 Vi = 3I 4. 3J, 
164^«3»+3.8« + 3 = 27 + 18 + 8=a48, /. fl>=:8. 
7. V* + « + X/a^m as ^6; find «. 
(a + «)* + (« — «)* = 5*; and, cnbing each member, 
a+«+a— « + 8{(tf + «)*+ (a— fl?)4}(a + a?)*(a— «)i=J, 

3 {(a+«)* + (a - «)♦} (a+«)* (a-«)* = ft - 8 a, 
3 h\a + «)*(a — «)*=* — %a. 



V (a + «) (a — ay) = 



ft-8a 



3ft* ' 
^ ^ ^^ ^ S7ft ' ^-^- 27J . 

8- ;9 -v/«*— 1 + y«*— 1 = a?. 

v/«*— 1 = »* — a? \/«* — 1, 

a^ + v^«*— 1 = 2 aj* — 2 ar* i/a^ — 1 

= a«*(a?»--i/3^-i)- 

Multiply by (a? -H v^i*^); 

(ar« + v/i*3l)» = aa^ (aj*-.^*"IIl)=2 a^, 

a?» + v/STZl = a^ ya, v^a^^l =a^(v/2- 1), 
a^— l=a?*(3-.3 v^a) = Sa^- 2 v^2 . «*, 

(2v^-.2)a^ = l, ar* = 7= 
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Multiply both terms of the fractiaii by \/d + 1. 

9. —7^= y + *-7= / g- ** V a; flnd a?. 

(a— a?)(v/a — v^a — a?) — (a + «)(v/a— \/a+«) = \/«-*» 

(a + «^ — (a — «)^ at 8\/a . «, 

9a» + 6««»— 9tfiP* = 2 (a' - ii^, 

4a«— 12rt*«' + 9aV=s 4(a»--«*f, 

= 4a«— 12aV + 12aV— 4 «•, 

24f = ay/3, .-. fl?=gy^3. 

XV. In solving equations involving two unknoim quanti- 
ties, as and y, we tnay adopt any one of the tbiee following 
methods, namely ; 

1. Eliminate one of the unknown quantities, and from the 
resulting equation, determine the value of the other. 

2. Find a value of one of the unknown quantities, as x, 
from each equation, and then equate these two values. 

3. Find a value of one of the unknown quantities, as x, and 
substitute it in the other equation. 
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1. Givtn Sif + dy SB 741 Find the Talaes df « and y by 

84 H- dy «i 46J elimination. 
Multiplying the first equation by 2, the coefficient of y in 
the second ; and multiplying the second by 3, the coefficient 
of y in the first, we have 

10« + 6y = 148. 
0^0 + 6ys: 188. 

Now, since y has the same coefficient and the same sign in 
each equation, if we wbtraet* the lower equation from the 
upper, y will disappear, and we shall have 

a = 10; .-. 8« = 80. 
And, writing 80 instead of 8^; in the second given equation, 

80 + 2y = 46; 2y = 16, .-. y = 8. 
When three or more equations are given they may be taken 
in pairs, and the tame unknown quantity eliminated from 
each pair. 

2. Given 4ry = a, (1)*) Find » and y by the second 

af'ifzsh, (2)/ method. 



From(l) ar=s ^; 


a" 


... (2) 'i'^-^'f 


1 

9 



Hence, having two distinct values of the same quantity x, 
these values are equal to each other, and we may equate 
them; thus, 

i. J. A JL i. 

a« 5p yp hP 5-~ hP 

y*» y* y"* 

mq—np j JT 

or,y "•' •-!' ''•^'" 

a*" 

« Wben the signs of the quantity to be eliminated are unlike, we mnst of 
course add the two equations. 
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And proceeding in a similar manner to ohtein two distinct 
values of y from the given equations, and equate them, we 



shall have 



-Hv) 



U« \m«— np 



3.Cxivenil+.^=^l=l^,(l)\ 

« a?+y y I Find « and y by the 

x xA-v V I *^^'^ method. 



X X 



and dividing each member by -, we have 

X 

X '-' y 

-y-=:l, /. x^y^y, 

; Z 4^} B^^«tituting these values in (1) we have 

^y ^y -ry y * 

16, 1 6 „ 

8 + 12 = 18y, or 18y = 15, 

16 6 , « 6 

•••'^=18 ==6' «^d^ = ay = 3- 

4. Given -^^ = 70, -^^ = 84, -^^ = 140; 

^H-y «H-^ y+j8^ 

find iT, y, and ;2r. 

From the first equation, by taJdng the reciprocal* of each 

* The reeiproeal of any quantity if unity divided hy HuU qyuMtUy; thai, 

the reciprocal! oi x, —, and are — ^, — , and respeetiTelj. 

c X XX a + 6 
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membw, we have — -^7^* ^^ 1 = ^» 

ay 70 a$f wy 70 

. 1 I 1_.JL (1). and similarly from the 
" « y 70 ' ^ ''' second and third. 

112 

(1) - 4- - =s -7- , and subtractini; (3) from this, 
as y 140 ° ^ ' 



1 

X 


1_ 


1 
140 


8 

■"420' 


(«) i + 


1 

z 




5 

"420* 


2 

• 

X 






= 420 = 105'---^=^'^- 


and 


2 
;2r 




-420^ .....420. 


y^420 


1 

140 




13 12 1 

* y "" 420 420 ^ 420 " 210 ' 






• 


:. y rs 210. 



iSoZi;^ the following Simple Equationa. 

1. \/d>^ + 3 = Vt; Ans. «=:2. 

2. Va?* — 16 = a? — 2. Ans. «=5 5. 

3. >/ J— 1 = ^/x^^. Ans. « = 25. 

4. V'«'+ Va? — 3 = 3. Ans. « = 4. 

5. Vi"— V2 = >/« — 2. Ans. a? = 2. 

6. V4a? 4-3 = 3. Ans. «=6. 

n 3 
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And proceeding in a Gdmikr manner to obtain two distincj 

values of y from the given equations, and equate them, w^ 

shall have 

1 

l|t \m«— ftp 



^=(rO 



X m + if y ^ \ Find « and y by the 

jD ir -I. « « I third method. 

and— = ^±i^ + ^, ... (9) 

and dividing each member by ^, we have 

——=5 1, /. x^y^y, 

xss^^y'X 
% ^ / a\ substituting these values in (1) we have 

y 6y __ 4/ — y* 
16, 1 » « 

8 + 12 = 18y, or 18y = 15, 

16 6 , ^ 5 

••••^=18 = 6' «^d.r = 2y = -. 

4. Given -^ = 70, -^^ = 84, -^^ = 140 ; 

<»+y a^^* y+«^ 

find d?, y, and z. 
From the first equation, bj taking the reciprocal* of each 

* The ti0etproca^ of any quantity if y^My divided by ihai puaUiiy; thus, 

the recipiooals o£ x, —, and are — ^, — , and respectively. 

c X XX a4-6 
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a + v 1 « . y ^ . 

member, we haTe "^ == 70 ' ""' ^+ 1^" 70' 

I -L 1 — i- (IV *^* similarly from the 
•*• « "^ y "" 70 ' ^ ^' Beoond and third. 

J + i-iTo'W 

II 3 

(1) ±4.-.sa— , and subtracting (8) from this, 

11 1 _, ^ 

^ « ■" 140 420 ' 



• • 



a 420 105 



= — = T?7. .'.a=:m. 



and - =:^' .-. « = 420. 
z 420 

^^ y"'"420'^140' •• y""420 420 420 210' 

/. y s 210. 

Solve thefoUowing Simple Equations. 

1. ^a^ + 3 = >/7; Ans.« = 2. 

2. V«« — 16 =s a? — 2. Ans. «s=5 6. 

3. >/ J— 1 S3 Vi» — 9. Ans. ;» = 25- 

4. v^i'+ Vaj — 3 = 3. Ans. « = 4. 



5. Va; — >/2 = n/« — 2. Ans. a? = 2. 

6. V4a; + 3 = 3. Ans. « = 6. 

D 3 



9. 2 >/a? — >/a = 2 »</x—a. Ans. « == 

16 

10. a + « = >/«* 4- 6fl? — a. Ans. a? g ^ J* - 

5 — 2a 

V 2a* 

12. V^a— -a? = — ^. Ans. |c = a — 1. 

va — X 

13. >/a + a? + N/a — « = 2 >/^ An«. « = - a. 

5 

14. r-^ 4- 3 = 4=-^- Ans. a? = 42i. 

16. X — V a* ^ ^ s/g»^\ ^a, Ans. « = — -i^ — 

4a 

la ^« + a? + >/a — a? ^ 2ac 

AQ. . . ■ =c. Ans. flJ = -T T" 

va-fa?— va— d? <r4-l 

_^^__^_ |/ 

17. -v/o? H- a = v'a + >/« — a, Ans. « =— . 

4 

iQ a/"" a/ >/«?+>/« — » . 9a 

18. va?— va — a?** ^--r ^. Ans. a; = — 

2 10 

V « V « 46*+c* 

20. n/^To = 2 + -p4=rr*' Abs. * = 3 n/Fs. 

V a?^ -f 9 -h 3 



BIMVUB BQUATIOVi. ttO 



23. Va* + aa?=sa— v^a' — a«. Ana. i»=» g-v 8. 



2 



^.i-f j-Vi+VA^+i^' 



Ana. ^ 



i»^6« 



^^' n/^+ 1 ^ 

26. i >/*« + 3a* + i '^a^^dcf ^x ^7. 



1 , n/s' 

28. VIT^+ Vr^^=V2: Ang.a?=l. 



27, ■ . ^ — - + --7=== — :=-. An8.«=s ^ 






and aj — y = 1 J 

31. 24? — y = ^- \ 
;c 4-3^ = 11./ 



. 4a?-lly = 9. \ 
2a?4-3y = 13.J 

,. 3aj + 2y = 23.1 
5y — 2a? = 29.J 



Ans. « = i* 

Ans. « = 3. 
y = 2. 

Ans. a? = 2. 
y = 3. 

Ans. a? = 6. 
Ans. a? = 3. 
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ProbUmB. 

I. If to twice a certain number we sAi 0, tbt square root 
of the sum will be 5 ; what is the number? Ans. 8. 

3. If to five times a certain number we add 4, the square 
root of the sum will be equal to 2 + the square root of thrice 
the number; find it. Ans. 12. 

d. There is a number, from the square of which if 7 be 
subtracted, the square root of the remainder will be equal to 
7 diminished hj the number itself; what is the number ? 

Ans. 4. 

4. The sum of two numbers is 56, and their difiference is 
24 ; find them. Ans. 40 and 16. 

5. The sum of two numbers is 16, and the sum of their 
reciprocals =: twice the difference of their reciprocals ; find 
the numbers. Ans. 4 and Id. 

6. In a naval engagement, one-third of the fleet was taken, 
one-sixth sunk, and two ships were burnt ; one-seventh of the 
remainder was lost in a storm after the action, and U ships 
remain ; how many ships were in the fleet at first? 

Ans. 60. 

7. The ages of two persons are in the ratio of 3 to 4, but 
10 years ago the ratio of their ages was 'that of 2 to 8 ; what 
are their ages ? Ans. 30 and 40. 

8. A wine merchant mixed 20 gallons of spirits at 9<. a 
gallon with 36 gallons at 1 Is. a gallon, and he now wishes to 
add as many gallons at 14«. a gallon as will make the mix- 
ture worth 12«. a gallon ; how many gallons of this last must 
he add? Ans. 48 gallons. 

9. A grazier buys 12 sheep and 20 lambs of one person for 
29Z. ; and 10 sheep and 30 lambs of another at the same 
price for 38/. 10«. ; what was the price of each? 

Ans. Sheep, 26<., lambs, 149. 

10. A and B made a joint stock of 833Z., which, after a 
successful speculation, produced a clear gain of 153/. Of 
this B had 45/. more than A. What did each person contri- 
bute to the stock ? Ans. A 294/. ; and B 539/. 

11. Suppose that for every 10 sheep a farmer kept, he 
should plough an acre of ground, and be allowed one acre of 
pasture for every 4 sheep ; how many sheep may that person 
keep who farms 700 acres ? Ans. 2000. 

12. If the numerator of a certain fraction be added to the 
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d^nomiaator, th* result wQl bd aqoal to 5 timoB the nuaie* 

rator; what is the fraction? Ant. ^. 

18. What ntunber is that to which, if 1, 6, and 18 he seve- 
rally added, the first sum shall he to the second as the seoond 
to the third? Ana. 8. 

14. Ji sets out from C to go to B, at the same time that B 
sets out from D to go to C ; A aniyes at D a hours, and B 
at C 6 hours, after thej met ; how long did each take to per- 
fbrm the journey? Ana. A a* (a* + 6^). 

B fci (»i ^ hi). 

15. A person has two sorts of wine, one worth 90 pence a 
quart, and the other 15& pence, from which he wotda mix a 
quart to be worth 14 penoe; how mndh of each must he 
take? Ana. i of lat; f of 2nd« 

16. A number consisthig of two digits is equal to 5 times 
the eum of its digits, and if the sum of its mgits be added 
to the number, it will be inyerted ; what is the number? 

Ans. 45. 

17. A person at play won twice as much as he began with, 
and then lost 16 shilUngs. After this he lost four-fifths of 
what remained, and then won as much as he began with, and 
counting his money, found be had 80 shillings ; what sum 
did he begin with? Ans, 5d shillings. 

18. A oan perform a piece of work in a days, and B in 

b days ; in bow many days can they finish it, if they both 

work at it together ? « « ^ . 

Ans. J- days. 

a -#-d '^ 

19. A trader maintained himself for 8 years at the expense 
of hdl* a year, and in each of those years auffmented that 
part of his stock which was not so expended by | thereof. At 
the end of the third year his origmal stock was doubled ; 
what was that stock? Ans. 7402. 

20. A man rows a boat, with the tide, 5 miles in f of an 
hour, and returns against a tide half as strong, in ]| hour; 
required the velocity of the strongest tide. 

Ans. 2^ miles per hour. 

21. Divide the number 11520 into 3 such parts that 9 
times the sum of the first and second shall be equal to 7 
tunoB the sum of the second and third, and if the first be 
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Bnbtxacted from the seoond* 8 times tbe remainder eball be 
equal to the sum of the first and third. 

Ans. 2880» 3840, and 4800. 

22. A person bought a certain number of sheep for 04/; 
having lost 7 of them, he sold one-fourth of the remainder at 
prime cost for 202: how many sheep had he at first? 

Ans. 47. 

23. A farmer pays his rent in certain fixed numbers of 
quarters of wheat and barley; when wheat is at 55<. and 
barley at 33«. a quarter, the portions of rent by wheat and 
barley are equal to one another; but when wheat is at 65s. 
and barley at 41«. a quarter, the rent is increased 71 : irhst 
is the corn-rent? Ans. 6 qrs. wheat, 10 qrs. barley. 

24. The circumference of the fore-wheel of a carriage is 

a feet, and that of the hind wheel h feet; what is the distance 

travelled by the carriage when the fore-wheel has made n 

revolutions more than the hind-wheel ? . ahn ^ , 

Ans. X feet 

6— a 



CHAPTER VI. 

QUADBATIO EQUATIONS. 

XVI. A qtuidratie equation is one in which the unknown 
quantity is involved to tiie second power , or square. If the 
square alone is contained in the equation, it is called a pun 
quadratic ; but if the square and first power are both con- 
tained in the equation, it is called an adfeeted guadraiie. 
Thus, a^ s 4, and a$^ ^ a:=b, are pure quadratics ; and 
o;^ -f 2d; ss 8, y^ — ay — - c = 0, are adjected quadratics. 

Ex, 1. Solve the pure quadratic Is^ -f 18 ass 4^ + 460. 
By transposition, 7si^ — 4a?* = 460 — 18, 

or 3;!?» = 432, 

and extracting the square root of each member, we have 

« = ±12. 
The sign ± is prefixed to the value of » because 
+ 12 X + 12 =: -f 144, and — 12 X — 12 « + 144. 
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Solve the following pure quadratics. 
1. »» = 144. 
a. «» — 9 =5 16. 

3. 5r^ -. 5 = 7. 

4 

4. a v^l-«»=s >/3r 

•a* + «» — « 1 



6. 



^ 



^ 7a?» 4i» + 6 2dr»-15 ^ 
4 3^4 



8. 85^ 



«» + 50 



*»- 



«'- 10 



Ana. a»s=4- 12. 


Ans. d; ss ± 5. 


Ana. 


«=±4. 


Ans. 


«=±i. 


w ■"• — 


aft 


>/26+ 1 


Ans. 


«=± 5. 


Ans. 


«=s±|. 


Ans. 


aT=±5. 



ADFEOTED QUADBATIOS. 

XVlI. Any adfected quadratic may be reduced to the form 

a? -^ pw=iq, where p and q represent known quantities or 

t 
to each side of this equation, 



numbers ; and if we add ^ 
yte shall hare 



s^+px + ~ 






and taking the square root of each side, we have 

Hence this rule for the solution of an adfected quadratic. 
^* Add the 9qua/re of half the coefficient of the second term to 
each side, and then extract the square root of each side.*' 
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EaampUt. 

1. or* + 8« s= 20, Complete the square. 

«^ + Sir + 4* = 20 + 16 = 36, Extract the root. 
a + l =±6; 

.-. « =± 6 — 4 = + 6 — 4, or — 6 — 4 = 2, or — 10! 

2. ;v^ — 6 a; = 6, Complete the square. 






* 26 24 25 49 

= 6 + --- = ----f---=a---, Extract the root^ 

4 4 4 4 



2 2 

6 ±7 12 2 ^ 

.-. ^ = -^«-^,or-- = 6, or-1. 

It may be seen by these examples, that an easy way oi 
taking the square root of the first side is to take th^ square 
roots of the first and third terms, and place between them 
the sign of the second term. 

It also appears that a quadratic equation has two roots, or 
values of the unknown quantity. 

Let the two roots of the equation a^ -{-pw'^ q^O, be 
represented by a and fi respectively, then 

that is, the sum of the roots = the coefficient of the second 
term with its sign changed, and the product of the roots =s the 
last term. These propositions are true of equations of any 
degree. 

It is obvious that the two roots above found are equal only 

when a/ 2" + 3 = 0» ^^^ ^®^ * ~""'y" ^^^ ^ ^"" o ' 
When q is positive, both roots are real; but when j is 

negative, they are red only when ~- > j^, for if -^ < <^ and 
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«• r^ — 

^ is negative, -^ — y is negatiTe, and A/ -^ — } is »ma- 

^inary^ ednce a negatiye quanti^ has no square root. 

Any equation of the form a«'* + ha^ = e, where the 
index of the unlmown quantity in the first term is iovlkiU the 
Ljidex of the unknown quantity in the second term, may be 
solved aa an adfected quadratic. 

Equations of a higher degree may frequently be made to 
assume the form of pure or adfected quadratics, and may 
then be solved accordingly. 

\, a^ ^ 7d^ = 8, Complete the square. 



«« 



— 7«*-f J =^ + T' = -r +^ =-r» Extract the root 
#•1 4 4 4 4 



. 7 ^9 . 7±9 16 2 ^ _ 

"•-2=±2' ,^=:_.._,or^5 = 8,or-l, 

.-. X =± ^§1 or ± v'IITi5s± a V5i or ± ^'^. 

This equation being a hiquadratie, has four roots, namely, 

+ 3 ^/2• — 2 ^/2, + >/^^, and — V*^^; the first two 
real, and the remaining two imaginary. 



^ 1 / o a 17 2«' + » ^^« 

IV^+I + T + T + I =T' Muitipiybya. 

2 /T~^ it" « « 63 ,,, 17 , 

3^ 22 2 2 2 



each side. 



, « . 17 2 / « . « 17 
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Now, •/ (a? ■^" Q + "q~ ) ^^ *^® square of 



V 



17 



«^ + ^ + -^1 the equation has assumed the adfeetc 



form, and we maj complete the square ; 

19 



361 






^a^ 2^8 - 3 



-t ," , 17 _ ± 19 - 1 18 _ 20 

" +a + T'= — 8 — =T = ®''''-T- 

Squaring hoth l^ides of this equation, we have 

X 17 4.00 

«* + ^ + -^ =3 36 or — -, and, taking the value 36, 

,^1 ^. 17 72-17 65 

2 3 3 2 






2 



_56 j^_440 1 __441 
"" 3 "^ 16 "" 16 "*" 16 "" J6 • 



,1 _.-^l 



±31 — 1 20 22 ^ 11 

. . « =s : — — ... or — ---= 5, or — ---•. 



4 



3 



, . , 1 400 17 800-153 647 



18' 



+ 3^ + 4 



^647 1 _5185 
""18 ■*■ 16 ~ 144 • 



. 1 ^V^5185 
^4 - 13 



..•.^=-j± 



v/6185 



13 



„ ^11 8±v/5185 

Hence « = 5 or — -tt- or ^ 

3 13 



QUADBAnO BQUAXE0H8. 69 

3. a?^Safss <2, Multiply by a. 

d^ _ 3d^ =: 2«, !»• — 2«» = «» + 2«, 

>,^ -. 2;ij8 + 1 =s «»+ 2« + 1, 
«»— 1=^ + 1, *» — a?=s2, 

1±8 4 2 . , 

4. «* — 3« = 4, 

d^ . 2^ s 4«, Add 4a^ to each side. 

«*+ 2a?*=4i* + 4d?, 

a^ + 3«» + 1 = 4aj* + 4« + 1, 

aj« + 1 = ± (So? + 1), «■ « Sar, .'. a =i. 
aj» + l = — a«— 1, «» + 2«+l = — 1, 

a? + 1 =5 d; \/— 1, .'. « = — 1 ± \/— 1. 

a^ — 10«*+S5««=— 6a? + 9+»» + 3iB+l, 

aj*— 32«» + 4a? + 16 =0, 
«*-8«« = 4a^ — 4«— 16, 

^ ^ Sai* + 10 s 4i^ . 4a? + 1. Extract the root. 

«»-4«±(2«-l), ««-««=: 8, 

a^-.24. + l = 4, «-l = ±3, 

.-. » « 1 ± 2 = 8, or — 1. 

Again, «?— 4 = -.8« + 1, «« + 2«=6, 
a? + 2« + I = 6, » +' 1 =8 ± \/6, 

/. » =s±\/e-i. 
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6. df* — «« = 4, Multiply by 4. 

4d^ = ^a^ + 16, Add o^ to each side. 

«* + 4flr' + 4flr* = a?* + 8«« + 16, Extract the root. 

«» + 2a? = «» 4- 4, 

2a; = 4, .*. a; = 2. 

7. (« -4 1) y a^IT^ = i, 

(«* - 2a? + 1) (2aj — aj«) = J, 

— .«* + 4fll* — 6i»* + a« sa i, 

4a?* — 16a?» + 20a?^ — 8a? = — 1, 

4a?* — laa?' + 16a?« + 4a?^ — 8a? = — 1, 

(2a?^ — 4a?)* + 2 (2a?' — 4a?) +[1 == 0, Extract the root 

2a?* — 4a? + 1 = 0, a?* — 2a? = — J, 

a?*— 2a?+l = l — i = i, a?— 1 = ±i 

V2 

1 v/2±l 
.*. « =2 1 ± — 7= * 7=—. 

v/2 V3 

8. a? — 2v/a? + 2 = l + V**— 3«+^» 
(aj- 1) - 2 -v/7+2 « v/(« •- 1)* (a? + 2) 

= >/a? - 1 . V(« + ^)» 
(aj— 1)— ^a? + Ji ./x/a?— 1 = 2 v/a? + 2, 
(a? — 1) — V« + 2 . v/a? — X + i v/fl? + 2 s^ 

2 v/a? + d + i v/a? + 2 = | v/a? + «8, 
v/«— 1 — I \/« + 2 = ± I V'a? + 2, 

V^a? — 1 = 2 V« 4- 2> a? — 1 = 4 -y/a? + 2, 
a,2 — 2a? + 1 = 16a? + 32, a?'^ - i8a? = 31, 
a?' - 18a? 4- S'« 81 + 31 = 112 « 16 x 7, 
a? - 9 = ± 4 v/7, /. a? = 9 ± 4 ^7. 



QVADBiTIO XaOAHOVB. 



71 



Agiam, y/x— 1 ^ — v/« -f 3, 






8 



, 9 13 3 ^ 
14--^ —p, « = 4: 

^4 4' 3 




13 



2 



9. y/a^ — a?* + « v/s^TT 1= a« x/nr^, 

«»— 4?*+«'(«*- 1) + 3«{(a«-««)(a*- 1)}* = a*(l-«8), 

a* — aW — o^ + ar* = aV + Sa^ar* + «», 
»« + 3)^=0'-,. .-^. -—V^- 



10. 






a; 



s/a?^ 



«* — 1 — 2«* V^i»« — 1 + » = 0, 



«?^ — fl? = 1, 






«2 — fl. 4- _ 



2 



.'. /CSS 



1 ± n/6* 



V 
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V !—« V 1+a V 1— a? V 14-a 

1 

Vr=:;s-VM:;5=«' 

I 

1—0?"" 1 4- a' ' * "" 

«« - 4«« - 6«* — 4fl? + 1 =1 (1). Divide by «» 

«?* - 4« - 6 - - + 4r == 0, 

0? or 

1 4 

«* + -3 — 4i» = 6, Add 2 to each side. 

or a 

(« + — ) - 4 r« + M + 2» = 8 + 4 = 18, 
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X + 2 =:± 2 v's, 

X 

a?« + 1 — 20? =±2 ^/3'.a?, 
«^ — (2 ±2 v^ 3) «?=-!, 

«* — 2(l± V3}« + (1± v^3)« = 1±2n/3 + 3-) 

= 3±2>/8, 

a? — (1 ± >/3) =:± \/3 4: 2 >/3'; 

.-. a; = 1 ± >/3 ± n/3:+: 2 V3. 
33. 2«' — i»'=l, 4«* — a?« == 2a? + I, 

This method will apply to any equation of the foim 
aar^ ± hx^ = c; that is, we may solve the equation by mul- 
tiplying by 0^ qi h, using the upper sign when the coefficient 
of x^ is positive, and the lower when it is negative. 

But as this method introduces a factor which does not be- 
long to the original equation, we must take care not to put 
this factor equal to 0, for this would give a value of Xy which 
would not satisfy the conditions of the equation. 

Solve theJoUorving Adfeeted Quadratics, 

1. Given a?^ — 8« = 9, to find the values of ar. 

Ans. a? = 9, or — 1. 

2. «* + 12a: — 16 = 92. Ans. a? = 6, or — 18. 

3. a?' — 3a? =: 10. Ans. a? = 5, or — 2. 

4. a?* — a? + 3 = 45. Ans. a? = 7, or — 6. 

4 

5. 6a?' + a?=4. Ans. «= -, or — 1. 

5 

ALGEBBA. E 



u 
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6. ai*— «=21. 

7. 6«» + 6aj — 3 = 60. 

9. («"-l2)(a?+2)=0. 

10. 3flj»— 14«-hl5s=*0. 

11. 3a?'*— lla? = 21. 



Anfi. «ste-, or — 3. 

21 

Alls. X = 3, or --. 

5 



Ans. «=s 



l±\/--3 



13. 4a?- 



= 14. 



a? + 1 
14. fl?^— .4aa?= — 7rt*- 

10 ]4 — 2a? _$^a 

15. — — 9 — "TT-i 



Ans. a? = 12, or — 2. 
Ans. a^ ==t 3, or If. 

Ang. i» = 7, or — 1|. 

*±^/(^*+4ac) 

Ans. a?=- — -^ '* 

2a 

Ans. a?=4,or— :^. 

Ana. a?=a(2±v^^)fl. 

Ans. a? = 3, or — - • 



16. a? + v/S^ + 10 =t: 8. Ans. a sis 18, or 3. 

3a? H- 4 30 — 2a? 7 a? — 14 . ^^ 

-. Ans. a? =36, oris. 



17. 



5 a> **- 6 

I n 11 



10 



18. a + v^l0a?-f 6 = 9. 

19. (a?H-2)*=2i» + 8. 

^ + 23 9a? — 6 4 
2 



20. 



MM* ifeto* **■*.«»«> ■■!» 



a? 



„ 2a? ^ 3aj— 16 4a? — 3 

4a? + 3 



22. 



9 18 

a?— 3 a? + 4: 



= 2^, 



a? + 5 a? — 7 

23. (xS^--- (a + 6) a? + a J = 0. 

24. 4a? + 4-v/a?+2 = 7. 



Ans. a? = 25, or 3. 
Ans. a^assS. 

Ans. a?cs=2, or— . 
Ans. a? = 6,or — 4f. 

Ans. a?ae4,or8|j. 

Ans. a? = a, or h. 
Ans. a? = 4|, or |. 
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«^ 9 

25. « = — r + 16. Ans. aT=:9,orl6 

a?* + 3 



v/4^T20 _ 4-v5^ 64 
A • • 7= 7= — • Aq8« ;p := 4, or T- 

28. v^iP + 2=v/7 + 2a?. Ans. a? = 9, orl 

29. — f-. 4- i±-. = 2 J. Ana. «=»3,or-3 

30. —=- + 11. Ans. a?=3,or — 2| 

31. VS^ITi + >/'^T6 tt= 2 >/r a? = (^-lii 



8(6 — a) 

^- ^ = 2(a2-.l) 

o3. — — ^= ^-^l' Ans. a? = 21, or 5 

34. V5a + « + >/5a-^a?= /, — ■ Ans. a? = 4a. 

V 6a -f- a? 

35. a?* — 8ar* = 9. Ans. a? = ± 3, or ± V^. 

36. aj**— 4«'=32. Ans. fl? = 2,orV^^. 

^^ nX'\-h na-^-h . J^ 

37* ;rr- = — t=— . Ans. « = a, or — i. 

va? va aw* 

88. A* — 2a?^ = 3. Ans. a? = ± n/3 or ± \^^. 

39. V4a +i» + %/« + « = 2 V2a + a?. a:= —^a. 

40. flf^ — «^ = 56. Ans. a? = 4, or V49. 

E 2 
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/ 7 . A Ans. « = 4, or — 1 • 

Am. « = 4, or — 3o. 
Ans.*=V3.orV-23 



43. *» + 20 «» = 69. 

Ans 



Ans. « = 9, or-- 2, or g— " 



■J ' 



^B.(-1T+-Gf ^-^={^ 



» Ans. « = 1 o n. ) 



125 



49. S' + -g 



s30. 



2a 
Ans. «=s2,orlH 



50. •«/« + «'+ '^''•"*~' -^a + a! , 

Ans. * = M&-«±^«*+ *'«'"'' 

61. ^•. -2^ + 6 ^-^^^^^^ = 11- ,5 

Ans. 5:= 1, or 1 ±1-^ vn 

52. «,»(*- 1) = 8 (.1, + 2). Ans. ^ = g^ j 

l±\/3±2>/f5il 

53. ^i_<J«'^/»=<^- An3.a?= -■ ^ 
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54 



Ans. SS =: ' 



7= =2. 



55. ar^ + — 

56. aa? — 5^ = ««-2&v^a^— aaj + ar*. 



Ans. oTssl, or 



2 



Ans. ays 






57. 9a? — 3dj' + 4 y/«»— 3«4-6 = 11. 



Ans. d;:s 



8±v/6 
■ ■ ■ » • 



Ir 68 

V 



Ans. ay =— ^ a (3 T \/l8). 

^1 59. a?^ + i- + « + - = ^- -^»3- ^= 1» or *" 7^ » 
aj a? *« 



1-: 60. a? = 



12 + 8a?* 
a? — 5 



Ans. a? = 



^3T^/(-7) 



„. 61. y^^qn;- y/P^in: = . "^ , . 



^'^=±VA= 



IS- . « — 8±v^ — 3 
62. a?'*— 6a?— 4=6. Ans. a? = 3, or 1 



i' 63. 3a?^ = - + -^ 
^ a? 3 

v: 



2 l±v/lO 
Ans. a?=— Q, or ^ . 



6d. aa? + 2 y/n^a + naai^ = (3aj — l)ri. 



.2^1 



» n 

Ans. a? = . or 



n — a 9n — a 



J2 



^^ QUADBATTO EQUATIONS. 

66. 2(v/l^=^+l) = -7=^=^= . Ans.« = ^. 

66. (x - &)«- + 26" a? =s iH-i (2 + 5-1) 4. 2 (a? - 5)-+^ 

Ans. ri; = 25. 

"•('-t)'='^'-(5'^'> 

Ans. « = v/a« + Zab, or W^E^. 

68. af*=-i. ««V^:ri; or "^ ^ - / - ^. 

V^2 
69. «** — 2ar'" -H «» = 6. 

Ans. a = Vi ± 4 Vis, or Vi ±i ^'^^ 

A /» -. 5-1-3 \/ — 3 
Ans, « = 6, — 1, or "" ^ 

.71. Vcn^- V(i^=^=Vr=:^ 

A«o (l±v/5r-2" 
Ans. a? = ^ ~=f • 

(I ± v/sr + 3« 

72. 8a?* + 4a?^ - 18a?'- + 11a?- 2 = 0. 

Ans. a? = ^, or — 2. 



73. 4a?^ - 20 - 5 f a? + - W- - 



36 



Ans. ar = 3, 1, or ~ ^^ "X "" ^^- 

8 

74 2 (a?-# ^^^ 

(a?-4)i S 4(a? — 4)^* 

Ans. a? = 12, or 4^. 
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75. 0^ + 4ar^ + 8^ + 4« + 1 = 0. 

^^^-a±v/8±v(8q:4v/8). 

76. (€^- -4- J)(«i - 1)» 5= 2 (« + 1). 



77 
78 



79. ^^ " = . Ans. fl? = fl, or -• 

ftO. ^Ji:i|»4r' Aiui.j?«4, -2,or-.l± v/f. 

Abs. 4^ ae^: 6, or 4 ^^2. 
62. (« 4- 119)* 4- (70 — «)* ::?= 9. Ans. a? == 6. 

83. d^ + ar' - -iiP" + « H- 1 = 0. 

-. , - 3 ± ^/5 

Ans, 4? = 1, or jr— ^^ — • 

/« 

84. a«* -f v/^T^= a^ — 9. 

An8..,A/l±yS. or V^ ^/^. 

85. (a 4- «) v/a* + ^ = 6 (a — a?)^. 

. 9 ± 4 v/2 
Ans. « as 7— • «• 

86. (« + 3)2 ^ ^{a? + 8) = a^p^i? 4- 1^. 

Ans. x:=zl, — 3, or — i. 
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88. a?' — 3;i?* — 9ar* + 21a?^ — 10« + 24 = 0. 

Ans. a? = 2, 4, — 3, or ± v^ — 1, 

5 10 

90. 16(»« + 2^ + ^ = 32«« + 48. ar = ± ^. 

V^* -f 2 

91. a?2- — a = — + 1. Ans. a?= v/i± Va + i. 

92. a?* - 8^^ + 10d?« + 24d? + 5 = 0. 

Ans. «= 5, — 1. or 2 ± v^sT 
1 4-5?^ 
^^' (TT^ ^ *' ^^«- « = 3. or i 

94. (fJZ^V 2 Co^ -. a) = J^ + 1. 

Ans. a? = 2a + J ± \/2a + f . 

95. v/?":ri + l_V^r = \/(^ -^ ^)^ 

V^iT + 1 y/a — 1 

Ans. X = — """ ^ - . 

2 

96. (1 + or') (1 + ;r') (] + ;p) = 30;r\ 

A 3+^5 
Ans. a = ^^ — 

2 

97. -^ + ~j- - 17a? = 8. Ans. aj==- 8, or - |. 

98. «' («« - 23) = 10a? (a?^ — 24) + 649. 

Ans. a? = i (5 ± 3 \/29)- 
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1 -f-ari l--ar\ _ 

100. J? + 7 v/^ = 22. a? == 8, or {- 1 ± v/- 10}'. 

— 7 8 

101. Jx 7= = -• Ans. ^=1, or 16. 

102. a?*.v/a^+2»H85ar\/a?+84= -=. Anfl.«=l. 

QUADRATICS WITH TWO OR MORE UNKNOWN QUANTITIES. 

1. 0? 4- y = 10\ (1). Square (1), and multiply (2) 

xy =16/ (2). by 4. 

4ipy = 04) 



(1) 



a?* — 2^^ + y* = 36 Extract the square root, 
^-y "^^.aI Add and subtract. 

^ + y = loj 



2a? = 16, or 4 ; .-. it? = 8, or 2. 

2y = 4, or 16 ; .'. y = 2, or 8. 

This manner of proceeding may be adopted whenever the 
swm and|?rodiic< of the two unknown quantities are given. 

2 x-^y = 31 (1). Square (1), .and multiply (2) 

= 10/ -^ ' ' 



xy =10/ (2). by 4. 

2a?y 
\xy 



^-2«y + /= n Add. 



ar^ + 2ii?y + y* = 49 Extract the square root. 

x + y =-^^1 M^BXidi subtract. 
(1) ^-y =3/ 

2a? = 10, or — 4; .-. a? = 5, or — 2. 

2» = 4, or — 10; .-. 5^ =s 2, or — 5 

E 3 
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This mode of proceeding may be adopted whenever the 
difference and product of the two unknown quantities are 
given. 

3. «' -f y« = 202| (IV Double (1) and square (2). 



ar + y = 20J (2; 

Har" + 2/ = 4041 
x^ + ^wy+ / = 400J 

a?^ — 2a?y+ y' = 4 



Subtract. 



.-. X'-y =±^1 •*• ^ = 11, or 9. 

Of + y = 203 y = 9, or 11. 

4. a?^ + y'^ = 3941 (])• Double (1) and square (2). 

^-y -=2 j (2). 

^< + ^^^: = ^^5} Subtract. 

a?2 4- 2ii?j^ + y® = 784 
,', a -j-y ssi 281 /. a? = 15, or — 13. 
a—tf = Sj y = 13, or — 15. 

This mode of proceeding may always be adopted when the 
sum of the squares and the sum or difference of the two 
unknown quantities are given. 

5. ai" + y^ = 4071 (1). Divide (1) by (2). 

m^y :=2 11; (2). 

«* — a?y + y* = 37 Square (2). 
«' + 2a?y 4- y* «= 121 Subtract the upper from the 

lower. 
.-. afy = 28. 





3a?y = 84 


««- 


^y + y^^ 37 




ipy = 28 



} 



Subtract. 



x^ — 2^y + y^ = 9 



fl? — y =^±31 .'. «=7, or4, 
a? + y = llj y = 4, or 7. 

If aj^ + y' = «, a -{- t/ ^=h, or a?* — y" =3 d5, 4> — y = ^, 
n being an odd number, or any equations similar to these 
were given, we might proceed by dividing one equation by 
the other, as in this example. 



6. a^ + y* = 3871 ,„,„ (IV Baisa (8) to Iba 4th power. 

^ + 4^y + 6^y + 4«ir|^ + y* =^ 240n g , 
(1) fl^ -fy*»^ 887J S'l*^™*^^- 



4ar'^ + ea?Y + 4;i?y' 
«* + |a?y + y* 


= 8064 Divide by 4 a?y. 
r» ^^^ Square (2). 
=5 49 Subtract. 


^«y = 49 • 
Mujtiply by 3;By, and tranepose. 


616 



a^f — 98 4f^ sw — 1 03a, Complete the squjire. 

ar^y* ^ 98 «y +191* ^ 2401 — 1083 •= 1369, 
ay —49 =±37; 

a?y = 49 ± 37 = 86, or 12. 

Taking ;i;y = 12, and a -^ y =7, and proceeding as in 
^x, 1, we have a? = 4, or 8; y = 3, or 4. 

7. aj^+/ + a? + y = 928) (1). 

yi^= 20j (2). 

ipy = 400 
8 ^y = 800. Adding this to (1), 
a?^ H- 2 ^y + y* 4- a: -f y =s= 1722. Complete the square. 



( « + 5'f + («+y)4-5 



1 6889 
1722 4- 7 =» — r-' 

4 4 



1 .83. 

^ + y + ^ -±y, 

±83--l 82 84 ,_ ,^ 

.-. a? + y= — — =— , or — Y=^^l» ®^ —42; 

and •.* ay = 400, by proceeding as in Ea. 1, we have 

a? r= 26, y = 16. 



84 
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8. a^ + 3y + « = 75 — 2a?5^1 (1). 

y^- y4.a? = 24 J (9). 

(if^'\'%xy + a? + 3y= 75 \ 
3^+ ^- y= 24 (3)J 



Add. 



(^ + yf + 2 (a? + y) = 99, Complete the square. 
(a?+yf + 2(a?+y)+ 1=100, 
a? 4-y + 1 =± 10, 
X -\-y =± 10 — 1 = 9, or — 11 ; 

.-. a! = 9 — y. Substitute in (3). 
/-y + 9-y = 24, y2-2y = 16, 
y^-2y + 1 = 16, y-l=±^; 
.'. y = 1 ± 4 = 5, or — 3 ; and a^ = 4, or 12. 

9. x^ — f^xy \ (1). Multiply (1) by a? + y. 

x^ + y^^x'^fl (2). 

x^ + a^y^xf-^f^ xy{x + y) 7 g^^^^^^ 

« — r = i»- + / 3 

= a?'y + xy^-^x^—y^, Transpose. 

} 



x^y — icy^ 



^'- + f 
x^ — y* 

^x^ 



= ^^-^ ^ Add. 
= a?y 

= 2 a?y^ + a?y. Divide by ^x. 



X 



X' 



= y* + 5^ + J 



Substitute these 
values of x 
and «^ in (1). 



y" 



y* 



y* + y' + J - y* = ^ + f' 
y = ^ + ^_^. 



^ 4 ' 



^ = 4^. 



^ 2 ' 



4^4 4 



10. 5 + sfxy: 

8 H- X 
(2) 8 + « 

8 + a? 
(I) 10+2^iy4 
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= 4 y/y -f- a I •••• 
= >/l28 + 64y) '••• 
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(I). 
(2). 



v/e4 (2 + y), 

8 \/ yH"2 . Subtract. 
8>/y + 2^ 



2 + 2^*y4 — dj = 0, 



.-. 2^*yi =aj — 2, .-. yi = 



jg— 2 
2iri ' 



..y=(^....64, = i^il=^. Square (a). 

^ ^X X 

64 4- 16a; + a?* = 64y + 128, 



/. a?^-i- 16a? — 64 = 



16( a?-2y 

X 



x^ + 16a?^ — 64a? = 16dJ^ — 64a?+ 64, 

aj' = 64, .'. a? = 4, 

- (^ - ^y _ ?L_ i_^ 1 

^ "" 16 "■ 16 "" 16 4 

1 1. ^ = 3a; + 2y I ^^^ ^^^ subtract 
/ = 2a? + 8yJ 

^ + y* = 5 (a; + y), (1), a;* - y = oj -y, (2), 
(2) (a?« + /) («* — y') = « — y» Divide by a? — y. 

(«^ + y') (^ + y) =1 (3)> .-. ^+y= 



5 



0?^ + / 



(1) ^4 + y^,.^, ...(a;* + y*)(a;* + y^ = 5...(4), 
^ / a;* -f- y 

i4xS7fe^=l' by squaring (3) and dividing 
(« + r) (« + r) by (4), 

{x' + y') (a; + yf _ 1 

«>* + / ~ 5* 

• a^ + 2«y + y* + garV + 2a;y^ _ 1 
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Clearing this equation, and dividing by ia^-y^ we have 

^+-+~ + ^—4-7:--«0, Subtract-. 

"(M)"-Kj-J)-*- 

Completing the 3quare, and extracting the root, we have 

h -^ = ^^^T-^'^^ . Multiply by — , and transpose. 

y w 4l y 

x^ 5q::\/l7a? Complete the square, and ex- 

«« H ^ • " «=^ *• tract the root. 

JB_ 5 q: y/rf hF \/- 22 T 10 >/ Tf 

y "" 8 

(2)(^ + y^)(« + y)(^-y)-(^«y) = 0, 

{(^^ + y'X^ + y) - 1}(« -2/) = 0, 
.*. a? — y =s 0, .•. a? = y. 

Tt is evident from the last part of this solution, that any 
factor common to all the terms of an equation is equal to 0. 

Again, «* = 3a? + 2^ = 5^, .*, a^ ss 5, /. x :*;; V5. 

When the wim of the indices of the unknown quantities is 
the same in every term, the equations are called homogeneousy 
and they may be solved, when no simpler solution presents 
itself, by assuming one of them to be equal to some unknown 
multiple of the other^ as in the following example, 

12. a?* + y^ =34) Assume a s= vy, then ar' i^ vV, 
or^ — ivy 3c 10 j and ay = vy\ 

84 

/. vV H- y' = 34, {v^ + 1)/- = 34, .-. y" = -5^^* 

v^y^ - vy^ = 10, (t;* ~ v)y'' = 10, .-. y« = ^^J 
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T-r 34 10 

±lence, » ^ s 



or 



17 



t,2 + l t?»-i; 
17t;' — 17r = 6v» + 6, 12t^ — 17t; = 6, 



17 



v^ — — -t; = -- , and fiolving this quadratic, we have v=i-i 



12 



.-./ = 



12 



10 



10 
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v^ — V 



25 
9 



5 
8 



26 - 15 10 



= ?^ = 9. 



.». j^ ss: 3, and 4?s=i;yB=-x3 = 5. 

o 

13. a?^ + 4?y H- y' = 37] .,. (A). ^^? method adopted in 

o . . « rtol /«( the last example would 

:,^ + *^ + «» = 28K.. B . ^ppiy ^ thisf we will. 

y + y« + ^ — 19J ... (C). however, give another 

solution. 



A - B, y« - ;8;2 + (y - ^)a; = 9 
B-C, aj»-y«H-(;»-y);2r = 9 

9 \ 



or 



« + y + ^ = 



9 



«~yj 



•••••• \j' )• 



9 



9 



or y — ^ =s: « — y, 



3y = 



yzrszy^^ 3, /. a? 



.'. j9 4. ;sr = 2y, Substitute in (D). 

3 



y = - — :» y*--y« = 3, 






^3^5^.-6/ + 9 



y* 



Substitute in (C). 



/ + r - 3 + 



o , y'-6/ + Q_ 



y' 



= 19, 
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3y* + /-6/+9 = 22/, 

32/* — 28/=— 9, 

28 
y* — 5^^^= — 3, and, solving this quadratic, we have 
o 

y=±3, .-. ;??=y-^-=±3-.-i-=±2, 

y ±3 

and a? = 2y — a; =± 6 qi 2 =± 4. 





Examples 


1 


1. a?2 +2/2 = 20.1 

aj« - y2 = 12.J 






Ans. a? = 4. 
2/ = 2. 


2. ii? + 5^ = 6. 7 
a;« + / = 26. j 






Ans. a? = 5. 

y=i. 


3. ;b^ + /^10.\ 
a? -- 2/ = 2. 






Ans. a? = 3. 
^ = 1. 


4. ^'- + y^ = 25.') 
a? +2/ = 1. J 






Ans. a? = 4, or — 3. 
2/ = — 3, or 4. 


6. a?'--2/^ = 16.') 
;» + 2^ = 8. J 






Ans. ai= 6. 


6. X —5^= 1. 1 
ar^ - y'= 19./ 






Ans. i» = 3, or — 2. 
y = 2, or — 3. 


7. aj« + y' = 189. 1 
^V + «2/*=180.J 






Ans. a? = 5, or 4. 
y = 4, or 5. 


8. 10^ + y = 3a?y.') 
2/ — a? = 2. J 






Ans. a? = 2, or — - J. 
y = 4, or— ^. 


9. ^+5^H^+2/=18-7 
2a?y = 12.( 


Ans. 




3, or 2, or — 3 ± >/ 3. 
2, or 3, or — 3 ip ^3. 


10. ajV* + y^ = io.') 
« y' + y =4. J 






Ans. a? = 3. 
y=l. 
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5?^- y' = 52 



Ans. a? = -(«'+ 1). 



12. 9«* = 4/, 8a?y + 2a? + y = 485. 

Ans. a? = 10, or — lOf y = 15, or — 16J. 

d?yH-a?+y=39. j 



Ans. a? =s 



*2 



y T ■- 



y « 4 1. 

15. a^ -^ xy^=c^ + ah,") 
y^ + ya? ^ 6' + aft. j 



Ans. a? = 4, or — 3. 



16. 12a?5^ = 5a?+ 12^.7 
t^_^^=l. I 

17. 2y + 3a? = 8. 1 
3y*-f 2a?2=ll.J 

18 



. y — a? = 2. 1 

3ary = 10a: 4- y.J 

19. a? + y + \/x^y = 12.) 
ar' + y»=189. J 

20. 4 a?t/= 96 — ar^y^-i 



y = 2, or — 4, 

Ans. a; = a. 
y =ft. 

Ans. a? = 1 J. 
y==l|. 

Ans. a? = 2, 2-g^. 
Ans. a? = 2, — -J-. 

y = 4, i|. 

Ans. a? = 5, or 4. 
y = 4, or 5. 

Ans. a? ='4, or 2, or 3 ± y/21. 
y = 2, or 4, or 3 qi >/2T. 



21. 



a?y 



13 



^V + ^y^ = «^y^ + 42. 

22. a?«4-y^+4a?-6y=13.7 
art/— 3a? + 22/ =11. J 

23. (a?» + y^ a^V = 3600. 1 
3B^y + xy^ •=. 84. J 



Ans. a: = 3. 

Ans. a?=3, — 1,— 3,— 7. 
y = 4, 8, -2,2. 

Ans. a? = 3, or 4. 
y = 4, or 3. 
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2y* + y* - 6y' + 9 = 23y^ 

28 
y* — —-y^ = — 3, and, solving this quadratic, we have 
o 

y ±3 

and a? = 3y — «f =± 6 qp 2 =± 4. 



Ans. a? = 4. 
y = 2. 



1. «.« +2/2 = 20.1 

2. a? + y = 6. 7 Ans. a? = 5. 
iP« + ^2 = 26. j y = 1. 

3. ;»« + /= 10.") Ans. a? = 8. 
a?— y=2. J y = l. 

4. a?' 4- y* = 26.| Ans. a? = 4, or — 3. 
a? + 1/ = 1. J y = — 3, or 4. 

5. x^-'f^ 16. j Ans. a? = 6. 
a?+y=8. J y = 3. 

6. a? — y = 1 . "I Ans. a? = 3, or — 2. 
ar* - y = 19./ y = 2, or — 3. 

7. a?* + / = 189. \ Ans. a? = 5, or 4. 



a?2 



y + a?y2 = 180.J y = 4, or 5. 

8. 10a? + y = 3 a?y.l Ans. a? = 2, or — i. 

y — a? = 2. J y = 4, or — J. 

9. ar*H-yHa?+t/=18.') Ans. a? = 3, or 2, or — 3 ± ^3. 

2a?y =12.) y = 2, or3, or — 3 q: V3. 

10. a?^ y* + v^ = 10.) Ans. a? = 3. 



I. a^^^^^ + y^^lO.) 
« y' + y =4. / 
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X 



^-y^=J»J 



Ans. ;r = - (a' + 1). 



12. 9aJ» = 4y^ 3a?y + 2^ + ^ = 485. 

Ans. a?= 10, or — lOf y = 15, or — 16^. 

^ \ , -.13±N/ir89 



13 



a?j^4- 



a?+y=39. j 



y » 4 



'2 

^ 3 

Ans. d? = 4, or — 2. 



15. a?^ + ar5^ = a^4-aM 
j(* -f yo? = 6^ + aft. J 

16. 12a?y=5a?+ 125^.7 



17 



. 2y + 3a? = 8. \ 
32^+2a?"^=ll.J 



^ = 3, or — 4. 

Ans. or =s a. 
y =ft. 

Ans. a; =5 1^. 
y=l|. 

Ans. a? = 2, 2^. 

y = i» -SI- 

Ans. a? = 2, — 4^. 
y = 4, If 

Ans. a? = 5, or 4. 
y = 4, or 6. 

20. 4a?2/=96 — ar^i/*.^ Ans. a? ='4, or 2, or 8 ± v^21. 
a? 4- y = 6.J y = 2, or 4, or 3 q: y/ST. 

ar^4./ _13 
6* 



18. y — ii? = 2. 1 
8iBy = 10a; 4-y.J 

19. a? + yH-v/^Ty = 12."l 
ar' + y» = 189. J 



21. 



xy 



as^y + i»y' = 3^^ -f 42. 

22. a?«+y2+4a?-6y=13.7 
-i?y-3a? + 2y='ll. J 

23. (a?« + y^ ^V = 3600. 
ay^y + xy^ = 84. 



) 



Ans. a? = 3. 

Ans. a?r=:3, — 1,— 3,— 7. 

5^ = 4,8,-2,2. 

Ans. ;» = 3, or 4. 
y = 4, or 3. 
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Ans. ii; = 6. 
.v = 6. 



24. a^ + y* = 3667.) Ans. a? ^ 7, or 4. 
« + y = 11. J y = 4, or 7. 

25. 2i» + % — »^-/ + 2 = 0.1 

a?y = 8. j 

Ans. « =»3, or 1, or — (I ± V j-a). 
y = 1, or a, or — (I q: >/— 2). 

26. ««+/=61.j 
«*-^- a?y = 6.J 

2T. a? + y = 10. 1 A»s. a? = 7, or 3. 

«?* + /= 17050.J y = 3, or T. 

28. a?»-t-fl?y + 5^=21.) 
a? — a?iyi + y = 3. J 

29. arV + 12ayy = 9«« + 4y«.) 
«*H-4ar+^ = 6y +24. ) 

30. a? — y == 2. ) a? = 4, — 2, or >/— 15 + 1. 
a^ + y*=:272.| y = a, « 4, or •ITTF - 1. 

31. a>« + 2a?y-f y + 3a7 = 73.) Ans. a?«=4. or 16. 
y' + a? 4- 3y = 44. J y^jsS, or— 7. 

38. (a?^ + y«) . (a? + y) = 120. \ Ans. a? a= 4. 

(^-y).(a?^-y^)= 24.| y=:2. 

33. a?y s= 6. \ Ans. a? = ± 3, 

8a?«^7y^ + l = 0.| y=±2. 

34* ^ariy-i =» 1 + art^^i 



Ans. a? = 1. 
y = 4. 

Ans. a? = 4, or — 3. 
y = 2, or 9. 



2ariy-* =» 1 + art^^i n 

^ / >. a? = t/=l. 

36 aj— ys=3, ar* + y* = 19 (a? + y). 

Ans. a? = 6, — 2, y = 2, — 5 

(25 
yac:4,or-r-. 



qvju>m'nc sauATxoKs. 



01 






38. d'^^x^y +y5=49. -i 

^ - 2 a:*/ + y - «« + y8 - 20. J 

Ans. a? = ± 3, or ± V'C. i 



Ans. d^ ss 5. 



y = 3. 



2, or — 1. 




Ans. m = N/iCVa* — 4fr»H-a). 



y ^ « yi I M ' 1. I r ff, I I I 






44r — 5y as 10. 



Ans. 0? = 5. 



2. 



41. a?» — d?y = 48y, a?y— y* =r 3ii?. 

Ans. a? = 16, ^ 9f y =? 4, or 2f 



42. a?« + y^- 16 (^ + y) = - 70. 
3«y + 81 (a? 4- y) « 210 



,0.J 



Ans. X = 2. 
y = 4. 



4B. '^yi^xii^/x-^Si^x^ 1. 
N/«y + 2 N/y = 3 a: + 3 Vi. 



«:=:1. 

y = 4. 



y a? 30 



45. 3^ = 2«y + 24.7 
y2 s= a?y — 3. J 



Ans. :9 s= 6. 

^=s: 6. 



Ans. <r 



4. 
3. 
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66. (^ + y)» = 64 (a? -y) \ Ans. « = 4. 
(^'* + y')(^+y) = 76./ y = |. 

67. a^ + y*=l 4-2a:y + 3a?V. 1 Ans. a? = 2. 
ar' + y» = 2y»« + 2/ + a? + l.J y = 1. 

68. (d?' + «yH-y')(flr*-fl?y+y^) = 481.7 Ans. a?=3. 
(«' + yT- (^ +^)^j^= 325. / y = 4. 

69. a?--2v/2ay— y»r«6>/«?. 1 Ads. a? = 7a. 
«* — 8v/ay * 4C = 2ay — 9y*. J y =3 a. 

70.V4-v«=-i:-. ^ 1 

V2 



x/2 

fl^ + y«==i. ; 



n. a''^y'=: 127. ) Ans. 4? = 2. 






72. .a? + y 4- ;r St 8a. \ An». a? = a. 
a?y + a?«-f y;? = 8a^ [ y = a. 

73. xy^x-^y. \ AnsJ a? = I4. 
a?;? = 2 (a? + 2). [ ' y = 2|. 



y^ = 3 (y + «). ; « = — 12. 

74. aj« + / + ^2?* = 14. \ Ans. a? = ± 1 
«• + y = 3. J y =^ 2. 

«* + y = ll. j « = ±3. 

75. iry + ;3? = 5. \ Ans. a?«2, — 2V^±4. 

«y« = 4. I y=«a,— vA±i. 

2 (««^y) = (j^^ «;)«.) ;.= 1,4.^ 

76. a^ + ^y 4- 5/» = 18. \ Ans. a? = ± 1. 
y' + y^ + »• = 49. [ y _ ^- 3^ 
a?* + aj;r -f «* = 31. ; ;^ — ^j. 5^ 

77. a?-*y"-» /» =1^. ^ Ans. a? = ± L 

y = ±2. 



aj-^ yjj^ = 18. [ 
afyV = 108. ) 
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78. {s/m -f. y/yf =« y^ - ^x»\ Ana. « « 4. 

TrohUfM. 

1. A sets out from London to York, B from York to 
London; A arriyes in York 9 hours, and B in London 16 
hours, after they met. In what time did eaeh perform the 

journey? 

Let X = numher of hours each iww on the road hefore 

they met| 

then « + 9 = A*8 whole time, 
a; + 16 = B's, 

hours, hours, journey. 

OS 

a; + 9 : « : : 1 : ^ « distance A goes before they met, 

X 

a? + 16 : a? : : 1 : — —-rx » « B „ 

' a? + 16 

Hence, jjj^ + ^^ « 1. 

«* + 16« + «* + 9fl? = «' + 26a? + 144, 

.-. a^ = 144, X «= 12, 
.*. a? + 9 s 21 » A'ft time, 
a? + 16 = 28 = B's „ . 
Or thus : let «? te A*8 whole time, 

y ... B's 

6 

XI 9 : : 1 : -, A*s distance after they met, 

X 

. 16 , 
a? : 16 :: 1 : — , B's, 

y 

9 16 
Hence, - + — =1, .'. 9y + l^x =« xy. 
X y 

But a? = V — 7, .*. by substitution, 

97/ + 16y-112=y*--7y, 
^_32y = -112, 

/. 3( = 28 hours = B's time, a?a=y— 7 ±= 21 hours = A's time. 
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S. A and B set out at the same time, A from C to go to D, 
and B from D to go to C ; they meet on the road, when it 
appears that A has travelled 30 miles more than B, and that, 
at the rate he is travelling, he will; reach D in 4 dajs, and 
that B will anive at C in 9 days. Find the distance of C 
from D. ' 

Let Of = A's distance hefore they met, 
y = B's 

.«. a? = y -f 30. 

Now y = miles A goes in 4 days, 

4 JB 

p : a :: d: : — = N®. of days A is travelling hefore they meet. 

Again, a = miles B goes in 9 days, 

9v 
.'. a : y :: 9 : — =N°.of days Bis travelling before they meet. 

Hence, — = — ; 
y Of 

.-. 4a?' = 9/, .-, 2« s= 3y, .-. a? = ~^. 

Hence, -^ = y + 30, .-. y = 60, and x = 90, 

.*. a; -f ^ s 150 miles = the distance. Ans. 

3. What are those two numbers whose difference is d, and 
whose product multiplied by their sum is 12? 

Let a = the greater, and y = the less, 

then a? — y = 2, or y = a? — 2, 

and ay (a? + y) = 12, or a?'y -f ary* = 12, 

a;^(-u — 2) + a?(a?-2)^ = 12, 

^.3 _ 3a;8 -|. ar^ — 4a52 + 4a? = 12, 

2a?' — 6a?^ + 4a? — 12 = 0, 

2a?"- (a? -3) + 4 (a?- 8) = 0, 
/. a? = 3, y = 1. 
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4. The sum of two numbers multiplied by the sum of tlieir 
cubes is 112, and the cube of their sum is to their difiference 
as 32 to 1 ; find the numbers. 

Let X = the greater, and y = the less, 
then (« + y)(^' + y)=112, 
and (a? H- y)* : a? — y : : 32 : 1. 
(« + y)* : «' — y* : : 32 : 1, or 
a^ -f- Is^y + 6a?y + 4^y' + y* = 32 (x^ - /), 
4a?* 4- 4ar> -f ^xf + 4y* = 448 



3a?* - 6^y + 3y* = 448 - 32 {x^ - y^) 

^-. 2a?y +y + ^(a?'^-y"^) = li®, 



(^-y? + ^(a:'-/) + ^ 



^_256 1344 _ 1600 



o J 16 40 , 2 ^^ Q 

.-. (a? + yy=:32(;K^-.y'^) = 250, 

« + y = 4, a? — y = 2, 

.-. a? = 3, y = 1. 

Problems producing Equations, 

1. Bequired two numbers whose difference is 8, and pro- 
duct 128. Ans. ± 8, and ±10. 

2. There are two numbers whose sum is 40, and the sum 
of their squares is 818 ; find them. Ans. 23 and 17. 

3. What magnitude is that which exceeds its reciprocal 

V-1^ Ans. ^(1 ±v/5). 

4. A person bought as many sheep as cost him 60/., and 
after reserving 15 out of the number, sold the remainder for 
54i., and gained 2s. a head by them ; how many did he buy? 

Ans. 75. 

5. A, B, and C together perform a piece of work in a 
certain time ; A alone could have done it in 6 hours more, 
B alone in 15 hours more, and C alone in twice the time ; 
how long did it occupy them ? Ans. 3 hours. 

6. In a circular grass plot, a walk, A B, cuts another, C D, 

ALGEBRA. F 
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into two equal parts in the point E ; A£ = 25 feet, EB = 
of CD — 16 feet; required the length of CD. Ans. 40 fee 

7. A grazier bought a certain number of oxen for JiiO^ 
and after losing 3, sold the remainder at 8^. a head moi 
than they cost him, thus gaining 59/. by his bargain ; whJ 
number did he buy? Ans. 1^ 

8. The reckoning of a party at a tavern was 3/. 12s., bu 
in consequence of two of them having no money, each of tb 
rest paid Qd. more than he otherwise should have done 
required their number. Ans. 16 

9. A person at play won twice as much as he began witi 
and then lost 16 shillings; after this he lost four-fifths fl 
what remained, and then won as much as he began with, anj 
counting his money found he had 80 shillings ; what sum dii 
he begin with ? Ans. 5Qa 

10. There is a field in the form of a rectangular paral 
lelogram, whose length exceeds the breadth by 10 yards, an( 
it contains 3000 square yards; required the length an^ 
breadth. Ans. 60 and 50 yards 

11. Two partners, A and B, gained 18/. by trade; A'J 
money was in trade 12 months, and he received for hii 
principal and gain 26/; also B's money, which was 30/., wai 
in trade 16 months ; what money did A put into trade ? 

Ans. 20/ 

12. There are two square buildings that are paved -with 
stones a foot square each, the side of one building exceeds thai 
of the other by 1 2 feet, and both their pavements togethei 
contain 2120 stones; what are the lengths of them sepa- 
rately ? Ans. 26 and 38 feet respectively. 

13. A person by selling a horse for 56/., gains as much 
per cent, as the horse cost him ; what was its original price ? 

Ans. 40/J 

14. The difference of two numbers is 6, and the sum of 
their squares multiplied by their product is 4640; find them. 

Ans. 10 and 4. 

15. A and B start at the same time to travel 150 miles, 
A travels 3 miles an hour faster than B, and finishes his 
journey 8 J hours before him ; what is the rate of each ? 

Ans. and 6 miles per hour. 

16. A man working for 10 hours, assisted by a boy who 
works for 6 hours, does a certain piece of work ; if the man 
had worked for 6 hours and the boy for 10, only two-thirds 
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of the work would have been done ; bow long will it take the 
man and the boy to do the work, supposing the man to work 
5 hours longer than the boy ? 

Ans. man, lO-j^ hours, boy, 6-^ hours. 
17.. A person rows 20 miles down a river and back again 
in 10 hours, and he finds that he can row two miles against 
the stream in the same time that he can row three miles 
with it ; required the rate of the stream, and the times of his 
going and returning. 

Ans. ^ of a mile per hour, and 4 and 6 hours. 

18. A body of men are just sufficient to form a hollow 
equilateral wedge, three deep, and if 507 be taken away, the 
remainder will form a hollow square four deep, the front of 
which contains one man more than the square root of the 
namber contained in a front of the wedge; what is the 
number of men? Ans. 693. 

19. Two merchants enter into partnership with 100/.; one 
has his money in business for three months, and the other 
for two months ; and each receives 99/. for his capital and 
profit; find the contribution of each. Ans. 45/. and 55/. 

20. Two detachments of infantry are ordered to a station 
distant 39 miles ; they begin their march at the same time, 
hut one party by travelling ^ of a mile an hour miore than 
the other, arrives one hour sooner; required the rates of 
marching. Ans. 3 and 3^ miles an hour. 

21. A vintner sold 7 dozen of sherry and 12 dozen of 
claret for 60/; he gold 3 dozen more of sherry for 10/, than 
he did of claret for 6/. ; required the price of each. 

Ans. Sherry, 2/. per dozen ; claret, 3/. per dozen. 

22. The number of men in both fronts of two columns of 
troops, A and B, when each consisted of as many ranks as it 
had men in front, was 84 ; but when the columns changed 
ground, and A was drawn up with the front B had, and B with 
the front A had, the number of ranks in both columns was 
91 ; required the number of men in each column. 

Ans. 2304 and 1296. 

23. A and B lay out some money in speculation ; A dis- 
poses of his bargain for 11/. and gains as much per cent, as 
B lays out; B's gain is 36/., and it appears that A gains four 
times as much per cent, as B ; required the capital of each. 

- A's capital, 5/., and B's, 120/. 

. ■ i - ^-■- -A« -■■ .. 
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^ 24. A detachment from an army was marching in regular 
column, with 5 men more in depth than in front ; but upon 
the enemy coming in sight, the front was increased by 845 
men, and by this movement the detachment was drawn up in 
five lines; required the number of men. Ans. 4550 men. 

'26. In a mixture of wine and cider, one half, together with 
25 gallons, was wine, and the cider was less than one-third 
part of the mixture by 5 gallons ; how many gallons of each 
did it contain ? Ans. 85 of wine, and 35 of cider. 

26. The difference between the hypothenuse and base of a 
right-angled triangle is = 6, and the difference between the 
hypothenuse and the perpendicular is = 3; what are the 
sides? Ans. 15, 12, and 9. 

27. There is a number, consisting of two digits, which 
being multiplied by the digit on the left hand, the product is 
46 ; but if the sum of the digits be multiplied by the same 
digit, the product is only 10; required the number. Ans. 23. 

28. A and B gained by trading 100/. ; half of A's stock 
was less than B's by 100/. and A's gain was three-twentieths 
of B's stock ; what did each put into stock, and what are the 
respective shares of the gain ? 

Ans. A's stock was 600/., and B's 400/. ; A's gain was 60/., 
B's 40/. 

29. From two places, at the distance of 320 miles, two per- 
sons, A and B, set out at the same time to meet each other ; 
A travelled 8 miles a day more than B, and the number of 
days until they met was equal to half the number of miles 
B went in a day ; how many miles did each travel per day, 
and how far did each travel ? 

Ans. A went 24, B 16 miles per day; A went 192, B 128 
miles. 

80. There are two rectangular vats, the greater of which 
contains 20 solid feet more than the other. Their capacities 
are in the ratio of 4 to 5, and their bases are squares, a side 
of each of which is equal to the depth of the other ; what are 
the depths ? Ans. 5 feet, and 4 feet. 

31. Three persons divide a certain sum of money amongst , 
them in the following manner : A takes the nth part of the 

whole, together with -£, B takes the nth part of the remain- 

n 
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d 

der, together with -JB, C takes the nth part of that which now 

remains, together with -*£, after which nothing remains ; find 

the sum of money. 

. 8n« - 3n -f 1 

Ans. — ; -rr — . a £, 

(n - 1)' 

32. The distance hetween two places is a, and on the first 

1 I 

day — th of the journey is performed, on the second day -th 

of the remainder, then — th and -th of the remainders alter 

fn n 

natelj on succeeding days; find the distance gone over in 

2p days. 

Aus.«{l-(l-i)'.(]-i)'}. 



CHAPTEK VII. 
INEQUALITIES, EATIO, PBOPORTION, AND VAEIATION. 

XVIII. Inequalities are indicated hy the sign > greater 
than, or < less than; thus 5>8, 4<6, a > &, are inequalities. 
They may be treated in the same manner as equations, ex- 
cepting that when all the terms have their signs changed, 
the sign > must be changed to < , and the sign < to > ; for 
although a may be >6, — a is not necessanly > — 6; for 
instance, 5 > 3, but — 5 < — 3. 

Examples, 

1 . Let m and n be any two unequal quantities, then 

TO* + n^ > 2 mn. 

For ••• no square quantity can be negative, 

.*. (to — n) *or to' -I- »^ -^ 2tow is positive ; 

.'. the positive part of this expression > the negative 
part; that is, to* -f n* > 2to». 
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2. Show that ^/I^ + >/7"is greater than n/19 + \/2. 

-/ll + Vr > or < s/W^ ^U 

according as (VlT + >/7)' > or < (>/T9 + */a)*, 

or, 18 + aV77>or;< 21+2n/38, 

or, aVrr > or <3 + 3 V88, by subtract 

ing 18 from each, 

or, 308 > or < 161 -f 6n/38 ; by squaring each, 

or, 147 > or < 6 ^38, by subtracting 161 from each. 

Now it is evident that 147 is greater than e-s/SS, 

/. VTT + V7 is greater than V 19 + v^2. 

3. Show that every fraction + its reciprocal is > 2. 

Let — be the fraction^ then — is its reciprocal. 

Now ^ — > or < 2 

n m 

according as f— + ^^ > or < 2^ 
\n ml 

m^ ^ n« 
or, -3 + 24-— 2> or<4, 
vr mr 

^'» T^+:5> or <2. 
n m 

But •.•2 =2. .-.--+—> 2, (by jEJa:. 1.) 

n m n^ m* ^ '' 

Hence - + — > 2. 

4. If 5^ = 1 4. 4 « -* a?^ what value of a msike& y the 
greatest possible ? 
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^ ^ 4^ ss 1 — y, 

aj* — 4a? + 4 = 5 — y, /. « — 2 = ^5 — y, 

Ans. a? must = 2, and then y "will = 6 ; for the value of sa 
above found, namely, 2 ± >/ 6 — y, becomes impossible when 
y > 5; and when y becomes = 6, the expression d: >/5 — y 
vanishes, and a; ss 2. 

5. Which is greater, >/? + VlO, or >/3 + ^19? _ 

Ans. V3 + n/19. 

6. If 4aj — 7 < 2a? + 3, and 3a? + 1 > 13 — «, find an 
integral yalue of x, Ans. a; = 4. 

7. Showthat^^>-^; anda* + 5'>a*6 + a6*. 

8. Show that -^ lies between 3 and -, for all real 

»^ + » + 1 3 

values of n. 

RATIO. 

XIX. BaXio is the relation which one quantity bears to an- 
other with respect to magnitude; thus 12 is 3 times as great 
as 4, and the ratio of 12 to 4 is 3; this is expressed 12 : 4, 
the former 12 being called the antecedent, and the latter 4 the 
consequent of the ratio. 

It is obvious that this ratio might be expressed by the frac- 

12 12 ^ 
tion ~ ,•.• — = 3. 

12 1 
Similarly the ratio 12 : 36 =s — = -, and in general the 

value of the ratio of a : h may be expressed by j. 

The value of a ratio is not altered by multiplying or divid- 
ing both its terms by the same quantity. 

For a : 6 =s -7 = -^T* .*. a : ^ = na : no. 
6 no 
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A ratio is called a ratio of greater inequality, of le»8 ine- 
quality, or of equality, according as the antecedent is grecUer 
than, less than, or equai to, the consequent. 

A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to 
both its terms. 

If a : & be the original ratio, and x be added to both its 

terms, the new ratio is a + a? : 5 + a?. Now -; > or < y 

b •\' X 

ah + hx ah + €lx 

according as ttt r > or < -775 r oy reduction to a 

^ h[h-\-x) bip-^x) ^ 

common denominator, 

a I m ft, 

.'. ■= > or < r- according as a J -f- 5 a? > or 

b •\- X b 

< ah + ax, according as 5^ > or < ax, according as 

6 > or <o (Art. XVIII.) ; that is, 

fL \ US A 

if rt > 6, z < -7. or the ratio 'is diminished; 

b -^ X b 

if a < ft, -z > T, or the ratio is increased. 

' h -\- X h 

A ratio of greater inequality is increased, and a ratio of 
less inequality is diminished by subtracting the same quantity 
from both its terms. 

If X, less than a and h, be subtracted from them both, the 
original ratio = -7, and the new ratio = -r ; 

a — X a ah — hx ah^—ax 

b ^ X b byb-— x) b(b — x) 

as ah -^ hx > or <ah — ax; 

whence, adding ax + hxto both members of the inequality, 
in order to avoid detached negative quantities, 

a — X a ., * 

7 > or < T according as 

6 — a? b 
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ab ^ bx + aof -^ hx > or < a( — a« -f a« + ba; 
as, ab '\'aaf > or < a5 + bx; as ax "> or <,bx ; as a > 
or < 6, contraiy to the last ; that is, 

if a > 5, = > n or the ratio is increased, 

— X 

if a < 5, 1 < -, or the ratio is diminished. 

— X b 

If the ratios a : b and e : d have their antecedents mul- 
tiplied together, and also their consequents, the resulting 
ratio ac : bdiB said to he compounded of the two former. 

The ratio a^ : b^ is called the duplicate ratio of a to i. 

V a : 's/b subduplicate 

a* : ft* triplicate, 

^/a\'s/b subtriplicate 

&c, &c. 

PROPORTION. 

XX. Proportion is the equality of ratios. Thus if the 

a c 
ratio a : b he equal to the ratio c : d, that is, if -=■ = j» the 

b a 

four quantities a, b, c, d are called proportionals^ and 

a : b :: c : df or a : b = c : d, is called a proportion. 

Propositions. 

1. If four quantities are proportionals, the product of the 
extremes is equal to the product of the means. 
Let a : b :: c : d he the proportion, 

then -^ = ;; » and, multiplying hoth memhers of this equa- 
tion by hdy we have ad =:bc. 

Cor. 1. If a : h : : h : c, then ac = ft^, and .'. h = \/ac, 
where ft is a m^an proportional to a and c. Hence a mean 
proportional between any two quantities is equal to the square 
root of their product. 

/7 rt , , he ^ ad ad , be 

Cor. 3. •.' ad=sOCy .•.« = —, ft = — , c = — -, rf ■= — ; 

d C b a 

F 3 
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Hence, if thrM terms of a proportion be given, the fourth may 
be found. The Bule of Three, in Arithmetic, is derivei 
from this. 

2. If the product of two quantities be equal to the product 
of two others, the four will constitute a proportion if the 
terms of qne product be made the extremes, and the terms of 
the other the means. 

Let nit c= my, then, dividing by ny, 

or m 

— = — , .\ a : V : : m : n, 

y » 

8. If a : h : : c : d, and c : d :: m :n, then a : b :: m : n, 
(EucHd, Book V. Prop. 11.) 

For - = -7, and -r = — , .'. t =""' 
b d d n b n 

.•. a :b :: m : n, 

4. li a : b :: c : d, then h: a:i d: c. (Euclid, Book Y. 
Prop. B.) 

_ a c b d 

For -- = -;, .-. — c=: — , .\ b :a::d:c* 
b d a 

This operation is called invertenda. 

5. If a ; 6 : : c : flf, then a: c ::b : d. (Euclid, Book V. 
Prop. 16.) 

For |. = ^, and, multiplying by |, we have 

— = -rr, ,•. a : c : : 6 : a.. 

This is called altemando, 

6. If a: b :: c : d^ then a + 6:6::c + rf:<l. (Euclid, 
Book V. Prop. 18.) 

For r = 3» *^^» adding 1 to each side, 
d 

^ + 1 = ^ + 1. or-j- = -^. 



pbopobhon. 107 

This is called componendo* 

7. If a : b :: c : d, then a-^ b : b :: c ^ d ; d. (Euclid, 
Book V. Prop. 17.) 

For ? = ^ • ^.^1=^-1 
b d' " b ^ d ^' 

a— 6 c— rf - - , , 

or — r — = — -— , .*. a — 6 : 6 : : c — tf : a. 
a 

This is called dividendo» 

8. 1£ a: b :: c : dt then a — 6:a::c — rf:c, 

and a : a — ft : : c : c — </. (Euclid, Book V. Prop. E.) 

^ a — ftc — d . «, ^ 
For —y^ = -— , by Prop. 7, 

and - = -, .,» 4, 

a c 

a — b b e — d d a — b c — d 

/. — — X-= — J — X -, or = , 

a a c a c 

.*, a — 6 : a : : c — fl? : c, 

and a : a — b :: c : c -— d, invertendo. 

9, If a : b : : c : dy then a + b : a ^ b : : c -{- d : e -^ d. 

For 1±1 «= i±l, by Prop. 6. 

. a — b c-^d _. 

ana — r — = — ^ — , ,,, 7, 

a-fft a — 5 c + rf c — <? aH-ft c + rf 

b ' b d ' d * a — ftc — d* 

.'. a -^b : a -^h :ic -\- d : Q-^d, 

10. 11 a : b :: c : d :: e :f, &c., then 

a:5::a4-c + e + &c.:J + d+/+ &c. (Euclid, Book V. 
Prop. 12.) 

•.• Y=j» •*• cid'=ibcy ',' Y = -7» •"• afssbe, and ab =:ba. 
a ^ J 
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Hence ab + ad -{- af =s ha + be + be, by addition, 

or a(b + d'{-f) = 5(« + c4-0» 

.\ a: b :: a^ c + e : b -{-d +/, by Prop. 2, 
and similarly when more quantities are taken. 

c d 
11. li a: b :: c : d, then ma : mb : : — : — . 

n n 

h d 

and ma : — :: mc : — 
n n 

c 
„ a c ma n ,* . x^ v 

n 

. c d 
/. ma \mh \\ — \ — • 

n n 

. ^ a c ma mo ma mc 

n n 

b d 

.-. ma : -^ :: mc : — 
n n 



12. If a : b :: c : d 
and e : f: : g : h 



, then a^ : 5/ : : eg : rf/i, 



-, a c e g ae eg . lij v *• 

.'. ae : bf :: eg : dh, 
and similarly for any number of proportions. 

13. li a : b : : c : dy then a** : ft" : : c" : </*, n being either 
integral or fractional. 

^ a c a* c* 

^'' b=T •■•F = 5:' •••«" = *■' = = «":''"■ 

14. I£ a: b :: b : c, then a : c : : a' : 6^ (Euclid, Book V. 
Def. 10.) 

— a b a a b a a a^ 

.*. a: c :: a^ : b'^. 
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15. 1£ a :b :: h: ei: c : d, then a\d\: €?: h\ (Euclid, 
Book V. Def. 11.) 

.„ a a h e ^ a h e 
For 3-=s -r X — X -y, and --=s — =b --j, 
abed bed 

a a a a €? » « »% 

d b b b Ir 

In this proposition, and the preceding, the given quantities 
are in continued proportion. 



VARIATION. 

XXI. When two quantities have such a mutual relation 
that one being changed the other is changed in the same 
proportion, they are said to vary directly as each other. 

Suppose A and B to have such a relation to each other, 
that if the value of A becomes a, B will have such a value b, 
as that A : a : : B : 6 ; then A varies directly as B, or A a B. 

Foi; instance, let a represent the area of a triangle, b the 
base, andp the perpendicular altitude; then if /> be constant, 
j\ <x b. (Euclid, Book VI. Prop. 1.) . 

Suppose A and B to have such a relation to each other, that 
A being changed to a, B is changed to 6 in such a manner 

that A: a:: — : —; then A varies inversely as B, or 

Bo 

A a — 

B 

Let A» b and p represent the same magnitudes as before, 
then ^sss^bp (Euclid, Book I. Prop. 41.); and if a is 
constant, and b increases, p must decrease in the same pro- 

P 
portion, thus if b becomes mb, p will become •=--, .*. b varies 

inversely as p, or o a — . 

P 

Prop, If A varies as B, A is equal to B multiplied by some 
invariable quantity. 
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For •.• A : a : : B : 5, .'. A : o : : mB : mb, .•. A : wB ::a: mh 

altemando; if, therefore, m be so taken that A :& mB, then, 
in all cases a^mh. 

Conversely, if A =£: mB, and m is constant, then A a B. 

*i^* This proposition is of very extensiTe use in Variation, since the 
variation ii conyertiUe into an equation. 

Examples in Inequalities, Batio, Proportion^ and Variation, 
1. Which is greater, the ratio of 16 : 17 or 17 : 19? 



.*. 17 : 19 is greater. 



16 
17 


16 
""17 


X 


19 
19 


286 
323 


17 
19 


17 
^^19 


X 


17 
17 "^ 


289 
323 



2. Prove that a? + 6^ : a^ -f 5* ia greater than 
a* -r J* : ft + 6. 

a^ + b^ a^ + b^ a + b _ a^ -^ a^b -^ ab^ + b* 
a^ 4- 6'^ ** a* + &2 ^ a -f 6 "■ (a" -i- b^) {a + b) ' 

.^ + &a gg + y a* + P a*+2a*5^+5* 
^qrr'"g + 6 ^ a* + ft**' (a^ft^) ((» + *)* 

.\ a^ -^ l? : a^ + h^ > or < a^ + b^ : a ^i 

according as a'6 + aft' > or < 2a^6®, 

or, as a* + 6* > or < 2 ab, 
/. a^ ^b^: a" + b*> a^ + b"": a+ b. {Att^XVIlL Ea.l.) 

3. If a? : ^ in the duplicate ratio of a : J, and a : b in the 
snb^dupUcate ratio of a -h » : a — 5^, then 2« : a : : a? — y : ^. 

x-.y-a^.y" (1) •••^=*^» 

^a^x: Vo-y:: a:b, (2) .-. = —, 

a — ^ o 
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a?+y:a — y::a; — y: y... dividendo, (Art. XX.) 
X -{- y \ x — y :: a-^y : y... alternando, 

2at : X -^ y :: a *. y componendo, 

.-. 2a : a:: x^y : y alternando* 

4. I{a? + y^:xy:: 18 : 6,andar» — y«s= 20; « = 6,y=4. 

By Art. XX., x^+f:2xy::n: 12, 

aj»+a«y + y*:a^— 2a?y+y*::26:l, 

« +y : is — y:: 5 : 1, 

6aj — 6y = flj + y, .*. 4aj = 6y, .-. oj =|y; 

Ay»-y3=20, 9/-4y'» = 80, 

6y'=80, .-. y« =16, /. y = ± 4, 

a? = fy = -J X ±4 = ±6. 

5. If y =p + 3 + r, where i? is constant, q varies as a?, 
and r as -, and if, when x = I, 2, 3, y = 3, 5^, 7 ; show 

X 

that y = 5 + « . 

Let J = ax, r = -, .*. y = p+aa? + -. 

^ X 

But if a? = 1, y = 3, .-. 3 =^ + a + * (1) 

d? = 2,y=y, — = j} + 2a + - (2) 



••• 



... a=3. y = 7, 7a.i> + 8a+^ (3) 
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(3)-(2), l = a^\, 

1 = — g, .-. 5 = — 3, 



^ = a+-. .•.« = !. 



/. y = 5 +a? . 

a 

6. If «'' = o« + 5«, and y« = c» + (««. show that 
a?y is greater than ac + bd, and aci + 5c. 

/. ^y = ^{ac + bdf + {ad — 5c)^ which is > ac + «i. 
Again, fl?y = a^^ + h'^c^ + a^c* + h'^d\ 

= a^cT* + 2ai6c + 5V-f aV — 2ac J(« + i^^i^ 

= (arf + *cf + (ac-6i)2, 

••• ^^ = x/(ad + 6c)2 + (ac-.6rff, which is > ai + be, 
^ ^. a c e . 

m?=A A"^ H- 6^ 4- c"- + &c. . .a_ma+nc+i)c + &c. 
^^5 V ft^ + d*+/^ + &c.' ^^^b-mb^nd+pf^kc. 
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a 
h 



e 

r 



.'. ad^hcy .-. a^d^^b*c\ 



.-. a/:=zbe, .-. a«/* = 6V. 



Hence, by addition, (^b^ + a^d? + off = a« 5* + b^<? + V €\ 

or, a«(6* + (P +/^ = 6«(a« + <?* + ««), 



6^ 6« 4- d'* +/» ' 



m T = 



6 



ma 



a 
b 



c 
d' 



a e 



ad=ibc, af^be, 

ambz=bma, and=:bnc, apf^s^bpe. 

Hence, amb + and + ap/sz bma + bnc + bpe, 
or, a {mb + n^ + pf) ssb{ma+ne + pe), 

a ma 4- nc •{- pe + &c. 
' ' b '^ mb + nd -^ pf -^ &c/ 

8. The ratio of the sum of tiie sides of a right-angled 
triangle to the hypothenose is mm; show that m cannot be 

greater than n \/^. 

Let a and b be the sides, c the hypothe- 
nuse, then a -^-b-, c\\m\n^ 
a' + 6« = c^ (EucUd, Book I. Prop. 47.) 
a -^-b m , m 

en n 



a 



fl2^2a6-f J^ = c^ 



m 



2 



n* 



Subtract. 



U^ 



+ 26« = 2c« 
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Add and subtract. 



- c 
n 






c 
n 

Now those yalaes of 3a and %h become impossible wben 
w' > 2n^ or w > n v^2, 

.'. m cannot be greater than n \/2. 

Examples. 

1. Which is greater, 3 : 7 or 4 : 9 ? Ans. 4 : 9. 

2. Compound the neitios 2 : 9 and 12 : 5. Ans. 8 : 15. 

8. Compound the ratios w : 6a>*, 8^ : n, ar* : 2j^. 

Ans. m : An. 

4. li x>y which is greater, «— y or («^ — y^) ? 

5. If Aa B, and B« C, show that A« C. 

6. li a\h:: c: d, prove that 

ma ±nb :pa:±qb :: ma ±:nd ipodz qd. 

7. If « = y + 12, and \/«y : 4 : : ^ (« + y) : 5, show that 
;v = 16 and y = 4. 

8. If a > ft, show that \/a*-ft»+ \/(^—{a-^bf> a. 

9. y oc d;, and when ;p = 2, y =s 10, show that y s= 5 ;p. 

10. Find two numbers in the ratio of 3 to 2, whose Bum 
multiplied by their product is equal to 12 times the difference 
of their squares. Ans. 6 and 4. 

1 1. Let 5^oc a^ — «^, and when « = suppose y = 6 ; tben 
8hally^«=^3(a«-«»). 
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13. If 0? : y : : a' : h\ and l/e + a : \/d+^ : : a : 6, 
how that daf = cy. 

13. The sum of three numbers in continued proportion is 
2, and the sum of the extremes ; the mean : : 10 : 8. 
"md them. Ans. 4, la, 86. 



CHAPTER VIII. 
ABITHMETICAL PROa&BSSlON. 

XXII. When the terms of a series of quantities increase or 
'^crease by a common difference, the series is called an 
iritkmetical Progression. Thus 1, 8, 5, 7, 9 is an arith- 
aetical progression whose first term is 1, last term 0, common 
ifference )l, number of terms 5, and sum 25. If this series 
rare written thus, 9, 7, 5, 8, 1, its first term would be 9, 
Eist term 1, and common difference ^ 2. 

Prop, To find the nth term and the sum of anj arith- 
netic^ progression. 

Let a be the first term, / the last or nth term, d the 
ommon difference, n the number of terms, and S the sum of 
he series : then the series will be 

a, {a + dl {a + 2 J), (a + 3d) {a + (n- l)rf}. 

Now any term of this series = the first term + the 
ommon difference multiplied by a factor less by unity than 
he place of the term ; and the last term / = a -f (n — 1) c^. 
rhe same series written backwards would be 

/, {l-d), (^-24 (/-3J) a. 

lence S=a+(a+(f)H-(a+2ef).... -f(^— 2«i)-h(I— rf)+/, 
andS=/+(/— df)+(/— 2rf).... +(aH-2(i)+(«+<^)+a, 
/. 2S=(/4-a)+(I-|-a)+(^-f a).... +(Ha)+(/+«)+(^+a) 
=(/+a) repeated n times, 

.-. 2S=(/H-a).n, .-. S = (/-f a).^- 

But ••• Zaca+(» — l)rf, .-. J-f a=s=2a + (n— 1)<?, 

« rrv / ^\j-> » . w(n — IW 

,-. S = {2a + (n-lM}.g = na+-^~^^-^. 
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An arithmetic mean between two quantities = half thei 

sum ; thus if i» = — - — , m is an arithmetic mean hetwee 

a and h. 

When the number of terms of an arithmetic series is ode 
the middle term = half the sum of any two terms eqoi 
distant from it. 

Examples, 

1. Find the sum of 2 + 6 + 8 + &c., to 17 terms. 
Here a = 2, rf = 3, n = 17, 

, n(n-^l)d ,^ ^ 17 X 16 X 3 
.'. S = na + ^ ^ =17x2+ ^ 

= 34 + 408 = 442. Ans. 

13 1 

2. Find the sum of — + — + -7- + &c., to 20 terms. 

/6 o 4 

Herea = — , (?=——, n = 20, 

A O 

, w(n— l)rf _. . , 20xl9x— J 
.-. S = na + ^ ^ ^ = 20 X i + ^, 

95 40 — 95 56 

= 10 7- = = . Ans. 

4 4 4 

3. The sum of an arithmetic series is 950, the commoo 
difference 3, and the number of terms 25. What is the 
last term ? 

Here S = 950, J = 3, n = 25, 

n (n — 1) J 



S ssna + 



2 



... 950 = 25a + ^^ ^ ^ ^ ^ = 25a + 900, 

.♦, 50 = 25a, .*. a = 2, the first term. 
Now i = a + (w — I) J = 2 + 24 X 3 = 74. Ans. 

4. Insert 5 arithmetic means between 1 and — 1 . 

Here a = 1, Z = — 1, and *.• there are 5 mean and 3 
extreme terms, n = 6 + 2 = 7. 



Ans. 
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^r l^J J '-« -1-1 ^ 1 

Hence 1 — ^ = | = the first mean. 

§ — ^ ss ^ = ... second ... 

J — J = = ... third ... 

— J =— J = ... fourth ... 

— J — J=— 1= ... fifth ... 

5. A body of soldiers is drawn up in the form of a hollow 
quilateral wedge, the ranks of which are 3 deep, and the 
uter rank consisting of n soldiers. Find the numher of 

oldiers. 

First, to find the number, supposing the wedge solid, 
a = 1, Z = n, n ss n, 

S=(a + Q- = (l + n)-=-^. 

Next, to find the number that might stand in the hollow 
>art. 

= 1, ?ij = n — 9 = Z, 

, n, ,, /.v w — 9 n*— 17n— 72 

Now the former number — the latter = the number 
lought ; 

n^^n n«-17n-72 18n-72 „ „- 
..S-S, = .-^ ^ =_^_ = 9n-36. 

If the ranks be r deep, n^ = n — 3r ; and the number of 

soldiers = — (2n + 1 — 3r). 

6. Find the ^um of the series 1-^ + 2^ -|- 33 ^ ^.1. 

p+ a^ + 33 + 43 ... +n' = 

1 4. (3_i.5) + (7 + 94.ii) + (i34. 15 + 17 + 19)... +n^ 
of which there are n sets, and the nth set contains n terms. 

Hence to find the entire number of terms. 

a = ], d = l, n=:w, 
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.•. {i2 + » — 1} . -- =5 — - — s= the number of terms. 
Now, to find the sum of the whole series, 



a s= 1, rf = 2, n^ = 



3 



...s={..(»i±-"-i).,}.=i±-»=(-±=y. 



Since —^ =H-a + 3,..+n, 



... 13 + 2' + 3^.. 4- n^ = (1 + 2 + 3 ... + nf, 

7. Bp S^, &c., Sj, are the sums of p arithmetical progrej 
sions, each continued to n terms; the first terms are J, 2, { 
&c., and the common differences 1, 3, 5, &c. : prove that 

Si + S^ -f &c. + Sj, = inp (np + 1). 



82=2, 6, 8 ... 

SnSSOy Of XOft 



■&c., ton terms, .*. 



1st com. dif. 1=2 X 1—1 
2nd ... • 3=2x2 — 1 
3rd ... 5=2x3—1 
* /. jpth ... =2xi>— 1 

/. s^= p, 3^ — 1, 5^? — 2, &c., to n terms = the pth series, 



Now 



Si=naH r n H — .1 



82= 



=2n-+- 



2 

n(»— 1) 



2 



83= =^n+ — - — 



.3 



.5 






8p= 



=JP^ H X — . i-^ JP— 1} s ' 



2 ' " "' 2 

the com. diff. of which is n^ .*. they are in arith. prog., and 
their sum is the sum sought. 

a=-^, Z = ^ ^ , n=Pf 
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inp(n|> + l). 

8. A party of foot begin their march at 6 in the morning, 
and trayel 3^ miles an hour ; 3 hours after a troop of horse 
follow them from the same place, and travel 3^ miles the 
first hour, 4 miles the next, 4^ the third, and so on. In 
'what time mil they overtake the foot? 

Let X be the number of hours in which the horse overtake 

the foot, 

7 1 

then for the horse, « = ^, ^ = «» ** = *» 

= = miles the horse march. 

4 

Again, ^ -f 3 = hours the foot march, ' 
Q (^ + B) = miles the foot march, 

,. H^ = I(^). or 13. + x^ = U. + 42. 
a:* — ar = 42, .•. a? = 7 hours. Ans. 

9. Prove that the latter half of 2n terms of an arithmetical 
series = J of the sum of 3n terms of the same series. 

Let a, a + <{» a + 2(2, &c., be the series. 

Then, to find the sum of the latter half of 2n terms, 

a^a^ d ^=df n =i n, Z = a + (n— 1)«?, the »th or last 
term of the first half, 

.'. a + (n — 1)(;? + d, or a + nd is the first term of the 
2nd half, and a^^^za + nd, ds=zd, » = n. 
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Hence S=^{2a+(»-lW}=|{2(a+»^)-f(»^-l)<^} = 

sum of latter half of 2n terms. 
Now to find the sum of 3n terms, 

.-. Si=|{2a+K-lH}=^{2«+(3n-l)rf} = 

^{2a + 3nrf-rf}, 

.-. - {2a 4- ^nd-^d} is ^ of the sum of 3» terms. 

Hence, the latter half of 2n terms = ^ the sum of 37i terms. 

10. If a?' + (a? + If + (a; + Vf + ... to 9 terms = 501, 
find^. 

Let ;!; — 4 = ^, then the series hecomes 

(;»-4f + (;»-.3f + («-2)2 + (;?-l)^+;^'-f-(;2r + l)2 + («+2f 
+ (^ + 3)'-|-(« + 4)2 = 501, 

22* + 32 + ^^ + 18 + 2;?*^ + 8 + 2;?* + 2 + »* = 501, 

9«* + 60 = 501, 9;:r« = 441, 3;^ = 21, 

;? = 7, .-. a; = 3. 

11. The sum of 3 numbers in arithmetical progression 
is 30, and the sum of their squares is 308 ; find them. 

Let a? — y, X, a + y» he the numbers, 

then a?— y + a?4-a? + j/ = 30, or3ii? = 30, .'.a? =10. 

x^ — ^xy + y^ 4- «'- + x"^ + 'ilxy + / = 308, 

8a?* + 2/ = 308, or 2y* = 308 — 3a?* = 

308 — 300 = 8, .-.^ = 4, y = 2 = com. diflP. 

Hence 10 — 2 = 8. ^ 



10. 
10 + 2 = 12. J 



Ans. 
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12. There are 4 numbers in arithmetical progression, whose 
mm is /24, and product 945 ; find them. 

Let a? — 3^/, x — y, a? + y, a: -f- 3y be the numbers, 
then the sum 4rr = 24, .*. ^z? = 6, 

the product {x — 85^) {x + 3y) {x — y) (a? -f y) = 945, 
or {a^ — 9^) (jx^ — f) == 945, 
or x^ — lOar^y* + 9y* = 946, 

.-. by substitution, 1296 — 360^^ -f 9y = 945. 

9y* — 360^ = — 351, .-. y = 1. 

Hence a? — 3y == 6 — 3 = 3/ 

a?— y = 6 — 1 = 5., . 

^ V Ans. 
a?+ ^ = 6 + 1=7. 

a? -f 3y = 6 + 3 = 9., 

Examples. 

1. Find the sum of n terms of 1 + 2 -h 3 H- 4 + &c. 

Ans. \n (n •\' 1). 

2. The sum of 9 + 15 + 21, &c., to 10 terms = 360. 

3. Find the 20th term, and the sum of 20 terms of 
i + i + i + &c. Ans. — 2|, and — 21|. 

4. Sum 1 + 8 + 15 + &c., to 100 terms. Ans. 34750. 

5. Sum J -f i + ^ + &c., to 12 terms. Ans. — IJ. 

6. The 9th term of the series, 7, 5i, 4, &c. = — 5. 

7. Required the 24th term, and the sum of 24 terms, of 
A + f + i + *c- Ans. 2^ and 37. 

8. Given a = 8, / = 17, n = 29 ; find the series. 

Ans. 3, 3|, 4, 4|, &c. 

9. The 100th term of the series 1, 9, 17, &c. = 793. 

10. The sum of | + | + 1 + &c., to 10 terms = 16^. 

11. Find the sum of the series 198, 193, 188, &c., to 40 
terms. Ans. 4020. 

ALGEBRA. O 



1 

12d ABXIBMBTIOAL 7B0QB1B810V. 

13. The $20th term of the series i, i, ^ ^, Ac. s 5f . 

1 2 11 

13. The sum of - — - — -s- — &c., to 13 terms = — 84^. 

^ a u 

14. Sam 4 + 1^ + &c., to n terms. Ans. = (» + 4). 

15. Find three arithmetic means between 19 and 35 ; and 
five arithmetic means between d| and |. 

Ans. 23, a7, 31, and 3^ J2, If, 1 J. 1. 

16. The sum of 15 terms of an arithmetic series is 600, 
and the common difference is 5 ; find the first term. Ans. 5. 

17. Given S = 40, a = 7, d = 2 ; find n. 

Ans. n = 4, or — 10. 

18. The first term of an arithmetical series is 3, and the 
sum of 10 terms is 165 ; find the progression. 

Ans. 3, 6, 9, 12, Sx. 

19. Insert four arithmetic means between 2| and 6^. 

Ans. di, 4. 4f , 6|. 

20. The sum of 9 terms of an arithmetic progression is 0, 
and the last term is — J ; find ^e series. 

Ans. i + i + i + Ac. 

21. Insert three arithmetic means between » 1 and 16« 

Ans. 8, 7, and 11. 

22. The sum of an arithmetic series is 6 J, the first term 
1^, and the common difference — } ; find the number of 
terms. Ans. 10. 

^ 23. The third and sixth terms of an arithmetical progres- 
sion are 7 and 16 respectively; find the series. 

Ans. 1, 4, 7, 10, &c. 

24. There are a arithmetic means between 1 and 31, and 
the 7th is ^ of the (w ^ l)th mean; find the number of 
means. Ans. 14. 

25. There are three numbers in arithmetic progression, 
whose sum is 10, and the product of the second and third is ] 
3^; find them. Ans. —3 J, 3J, 10. ' 
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36. Thd ram of three numbers in arithmetieal progression 
ia 15» and the sum of the squares 98 ; find them. Ans. d, 6, 8. 

27. Find the nth term, and the sum of n terms of 

Ans. a + (n— Ji). -, and na + --n ,(n^ 8).-- 
^ ' a ^ » 

^S. The sum of three numbers in arithmetic progression 
is ^4, and their product 480; find them. Ans. 6, 8, 10. 

20. The first term is n' -> ri -f ^> ^^^ common diffbr- 
ence 2 ; find the sum of n terms. Ans. n^ 

30. Find four numbers in arithmetical progression, such 
that the product of the extremes shall be ^7, and the product 
of the means 85, Ans. 8» 5, 7> 0. 

31. If the nth and mth terms of an aritlimetical progres- 
sion be m and n respectively, find the number of terms whose 
sum is i • (m + n) . (m 4- n — 1), and the last term of the 
series. Ans, w + n, or »i + n — 1; and 0, or 1. 

32. If a steam-engine is observed to pass over 4 feet in the 
first second, and 88 feet in the sixtieth second of its motion, 
how far will it travel in the first minute, supposing its motion 
to be increased each second by a constant quantity? 

Ans. 2760 feet. 

33. Referring to the last example, find the uniform rate of 
increase, and the time occupied in travelling the first mile. 

Ans.*l^ feet; and 83|^ seconds, nearly. 

34. The number of terms of an arithmetic progression is 
equal to J the common difference, the last term is equal to 4' 
times the first, and the sum of the series is equal to f the 
square of the first term ; find the series. 

Ans. 20, 32, 44, 56, 68, 80: 

35. A starts from a certain place, and travels a miles the 
first day, 2 a the second, 3 a the third, &c. ; after 4 days, B 
starts to overtake him, travelling 9 a miles per day ; after how 
many days will he come up with him? Ans. 4. 

G 2 
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86. A number of persons bought a field for 845/.» the 
youngest paying a certain sum, the next 6L more, and so on, 
in arithmetic progression. The younger half took a portion 
of the field proportional to the sum they had subscribed, and 
this they agreed to divide equally, by equalizing their contri- 
bution to 22i. each ; how many persons were there in all ? 

Ans. 10. 

87. Find the nth term of an arithmetical progresaion 
yfhen the sum of n + 1 terms is (n + 1) (ti + 1^). 

Ans. 2{n—i). 

88. The sum of n terms of an arithmetic progression is 
pn + qn^ ; find the mth term. Ans. p -f (5m — 1) q. 

89. Divide = (n + 4) into n parts, such that each part 

shall exceed the one immediately preceding by a fixed quan- 
tity. Ans. ^, 1, If, 14» &c. 

40. Determine the relation between a, h, and c, that they 
may be the pih^ qth, and rth terms of an arithmetic progres- 
sion. Ans. ( J — r) a -f (r — p) ^ -f (jp — 5) c = 0. 

41. Whereabouts in a coal shaft will the corves meet, if 
the radius of the roll be 8^ feet, the thickness of the rope , 
i foot, and the depth of the pit 1020 feet ? 

Ans. 701273 fathoms. 



GEOMETRICAL PROGRESSION. 

XXIII. When the terms of a series of quantities incr< 
or decrease in a common ratio, the series is a geometrii 
progression; thus 1, 8, 9, 27, 81 is a geometric progression 

whose common ratio is 8 ; also -. -, -— » — r-, ---, is 

o o 12 24 48 

geometrical progression whose common ratio is -• 

common ratio may always be found by dividing any term b] 
the one immediately preceding it. 



aEOMETRICAL raOOBXSfilOH. 125 

Prop. To find the nth term and the sum of any geometrie 
progression. 

Let a be the first term, I the nth, r the common ratio, and 
S the sum of the series ; then the series will be 

a, ar, ar\ ar^ ar*~*, ar^''\ 

and it is evident that the nth term I = at^"^. 

Now S = a + ar + ar^ + ar"^ + ar*''\ 

.'. 8r = ar + ar^ + ar*^ + at^"^ + ar^, 

.•. Sr — S = ar* — a, by subtraction, 
or S(r— l)=sa(r» — 1). 

,•. S = a. --. 

r-^ 1 

Car. 1. '.'Ssss --, and rfc = ar", .-. Ss= —. 

r — 1. r — 1 

Cbr. 3. •/ S s= -; if r be a proper fraction, 

r — Ir — 1 

as n increases, r* will decrease, and when n is increased 

without limit, r" will be less than any assignable magnitude, 

.-. -^ may be rejected, and 1- or -^ wUl ex- 

r — 1 r — 1 1 — r 

press the limit of the series. 

Hence, when r is a proper fraction and the series is con- 
tinued ad infinitum, S = 

1 — r 

A geometrie mean between two quantities = the square 
root of their product: thus, if a, m, b are in geometric 

m b ft r /T" 

progression, — = — , /. wi* = ab, .', m =i y/ab. 

Examples, 
1. Find the sum of IJi terms of the series 1, 2, 4, 8, &c. 
Here a = 1, r = 2, n = 12, 

y« _^ 1 Ql2 1 

S =:a.- ^ = 1 ."^ r =4096 - 1 =4096. 

r — 1 2 •— 1 



• • 
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ft. Bam 6661, dl67» 7&d, <te., to 6 terms. 
: Hete a « 6661, *" =* g' ^ "= «. 



-1 \3/ 721 



6 

V-1 VS; "^^ 729""^ 

3 8 

1-.729 -728 ^^^, 864 

= ^-348-.729 = ^-ir486 = ^^^^^243 

= 27 X 364 == 0828. 

2 11 
3. Sum - — — '+ - ^ &c., to infinity. 

« 2 1 

Here. ^ = -, r = — -. 

2 
a 8 4 4 



/. S 



1 -r^ . , 1 6 + S""» 
^^2 



4. Insert 4 geometric means between ? and 81« 

Here there are 6 terms, namely, 2 eictremes and 4 means ; 
1 

a=-, / =81, n=:6. 
3 

Now I = ar^\ /. 81 = ^r*, r* aa 248 c= 8», .-. r «= 3. 

« • < 

1 

Hence - x 3 = 1, 1x3 = 3, 3 x 3 = 0, 9 x 3 = 27, 
and the means are 1, 3, 9, 27. 

5. If an arithmetic mean between a and h be twice as 

^ * • a 2 + \/3 
great as a geometno mean, y- = ^^-7=^- 

i 3-..^8 
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— ^— — = the arith. mean, U a»h = the geom. mean. 
Now — — - tsa d s/ah, .♦. a + 6 e= 4 \/a . s/h^ 

--S + -=12, 
a 

Vft V a 

_. v/a v/ft a 2-1- v/s" 
Hence x^.^ v. = _. = v_^. 

6. The sum of a series to infinity is 2, and the sum of the 

4 
squares of the terms of the same series is ^ ; find a and r. 

o 

a + ar + ar* + ar^ + &c. = - — -- s=b 2, (1). 

I — r , "^ -^ 

a* + aV« + aV + aV + &c. = --^ == ~, (2). 

1 — r* 3 ^ ' 

Dividing (2) by (1). j-J-;:-|. ••. a = |(l+r). 

Also (1) a = 2 (1 — r); and, equating these values of a, 
|(l +r)o=2(l-.r), l+»' = B-8r, 

4r;=»2, .% r«?:jr» and a 5=? 3 — Sr = 2 — 1 =s 1. 
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7. If s = 1 + R + R^ + R^ + &c., to infinity, and 

« = l+r + r^ + r' + &c., to infinity, prove that 

S s 
the sum of 1 + Rr + R^r' -f &c., to infinity = 



Now, 1 + Rr 4- R^r^ + &c. = 



S + « — 1 
1 



1 — Rr 



1 1 

S = ; r, 8 = - , .-. S— SR=rl, « — «r=], 

I — R 1 — r 

SR= S — l,»r = s-.l, .-. R = l — s, r=^l . 

« , 1 1 1 , 111 
.% Rr == 1 h ~» .*. 1 — Rr = — + — • 

S s S« S « S« 

1 Ss 

Hence 1 +Rr + RV + &c. = ^^ j j-= ^^g_^ . 



8. Show that 4-5312121 &c. = 4 



S 8 S« 
86 



165 



K (il 21 fil 
4-5212121 &c. = 44--- + —-4 — 1 h&c. 

21 21 21 
1000 ^ 100000 ^ 10000000 ^ ' 
21 



1000 21 21 



1_ 1000 — 10 990 330 

100 

. ^.n.n.ai fL ^5 , 7 1492 , 86 

.-. 4-5212121 &C. == — 4- ^TTTTT = -KTrTT = 4 



10 ' 330 830 165' 

9. Find the sum of a — (a •{• d)a + (a + ^d) a^ 
— (a 4- 3^)ijr' 4- &c., to infinity. 

S = a — a;» — da? 4- aai^ + ^da^ — ao^-^^da^ 4- &c., 

Saj = aa? — dflj^ — ci^ 4- «^^ + 2 eZar' — adj* — 3 Ja^ + &c., 

.-. S-i- s^=a — <fa?4-<?ar*— rf«^4- J^~J^'4-&c., 
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or (l+a?)s=a-^(«-a;« + flr'— ifec.)=a-^.T-^. 

1 + a 

■" I + a? (!+«)* (1 -+-«)* 

10. If P Ije the product, S the sum, and 8^ the sum of the 
reciprocals of n quantities in geometrical progression; prove 

that P» =(!)". 

Ist series, 8^a + ar+af»+ ... ar^''\ = a . -. 

r — ] 

2nd series, 

a ar air ar^^^ a 1 

r 

Now P = a. ar.ar*.... .ar*""^ = a». ».i + 2+3+...{n— i). 
Sum the arithmetic series 1 + 2 + 8 + ... (n — 1), 

S' = *^{2a + (n'- 1) d} = !^ {2 + (n - 2)} = 

2n — 2 +n«— 3n + 2 



__ n^-^n _ w (n — 1) 
""~2~ 2 ' 

G 3 



Henoe, 



'•'■=(1:) 



11. Hie dififerenc6 between two numbets = 12^ imd the 
arithtaetic t to the geometric mean : : 5 : 4 5 find tlie num- 
bers. 

Jliet a and y be the numbers, then a? — j/ = 12, 
— --^ = arithmetic mean, Va?^ = geometric mean, 

Of* ,^ 4/ 

— --^ : V a?y : : 6 : 4, a? + y : 2 v a?y : : 5 : 4, 
« + 2 V'^ + y : J? — 2 V^ + y : : 9 : 1, Art. XX. 

V^4. V'^ ; s/J— >/y :: 3 I 1, 

3 V^— 3 Vy = Vi+ v^y, 2 v'^=4>/J, 

V'a; = 2>/y, a; = 4^ 4y— y = 12, 3y = 15J. 

Ans. If = 4, a? 555 16, 

3 5 7 
12. I^ S = H- - + J + g + &c., to infinity, 

8 8 7 

and S, = 1 — - + 7 — H + *<5-» to infinity, 

/« 4 o 
S I S| ! ! ,i« 7 ! !• 

3 5 7 9 

S = 1H 1 1 h h&c. 

^2^4^8^ie^\^, 

V Subtract. 
S 1 3 5.7., 

^2^= 2 + 4-^8+T6+*^' 



8 6 7 9, 

-»= 5-4 + 8-16 + *"' 

2 ^5 4^8 16^38 

= G + i + 4 + *"-)-(i+iV67 + **') 



i _1_ 2 1 

r-j I-Tj 3 3 



8' 



Q 2 1 

••- 5i*»g» A 8 ; 9| n 6 5 5, •• 8 : g» :: U7: 1. 

13. From a vessel cohtaining 10 galloos of brandj, 1 gal- 
lon was drawn out, and a gallon oi water poured into the 
vessel ; a gallon of the mixture was then drawn out, and an- 
other gallim of water poured in. Now tile like process b^ing 
repeated 10 times, it is required to find how much brandy 
remained' in the vessel, supposing the two fluids were 
thoroughly mixed each time ? 

Theife are 10 gaQond of brandy at first ; 
rrr IS drawn ; 

there are then 9 gallond of brandy, 

and 1 gallon of water poured in ; 

g 
-— gallon of brandy id drawn, 
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9 81 

19 

--r gallons water left in; 

m ^»»- ""^ ^™- 

9 81 
Hencel, — , -rjr, Ac, to 1 terms = quantity of brandy drawn. 

g 
Here « = 1; r = — , n = 10, 



9 \i« 

a(r»-l) _' 



(,^)"- 



r-1 £_ ' 

10 

•9'0 — 1 1 — -3486784401 



.9-1 1 «- .9 

•6513216699 ^..oni^^^nn n j 

5s= = 6-613216599 gallons drawn. 

•1 

Subtracting 6-613215599 from 10, we have 

3-486784401 gallons. Ans. 

14. The sum of three numbers in geometrical progression is 

7 
7, and the sum of their reciprocals is ~ ; find them. 

Let - be the first term, y the common ratio, 

CD _ V 1 1 7 

then - + a? -A- a;y = 7, and - + - +• — = 7, 
y ^ a Of ay 4: 

1 , 7 A 7 7 

- + l+y = - .-. -a? = -, 

y^ ^-^ a? I 4 a? 

1 7 I 
y + l+- = ji»j a?^=4, .-. a?=2. 
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, 1 ^ 6 1 



3^_|y = _i. j^-|y + i 



~* 25 . fl 



~ 16 * ~ 16' 



6 ^8 6±S . 
y-j = ±j. .-.y j- = a; 

.'. I, S, 4, are the numbers. 

15. The sum of four numbers in geometrical progression is 
40, and the sum of their squares 820 ; find them. 

Let «, iPy, xy^^ x^ be the numbers, 

then « 4- ^y + «y' + ssf = 40, or «(l +5^ +i^ +5^ =40, 
a?* + ^'j^ + ^5^ + «*y* = 820, ori»«(l+y»+y+yO = 820, 
or a?{l+y^ + y(l + 2rO} = -*0» a?(l+y)(l+y«) = 40, (J), 

^{1 +^+y*(i +y')} = 820, ^(1 +3^(1 +y*) = 820, (2). 

Squaring (1) and dividing by (2), we have 

a^(i+yra+yT ^i6oo Q^ (i-hyy»a+y") ^80 

^(l+y')(l+^) 820' 1+y* 41' 

This equation reduced gives 

^1 82/ ^1\ 82 

whence 5^ = 3, /. a? = 1, .*. 1, 3, 9, 27 are the numbers. 

Examples, 

1. The sum of 3 + 6 + 12 + <fec. to 6 terms = 189. 

2. The sum of 6 + 20 + 80 + <fec. to 5 terms = 1706. 

3 2 lY 

3. The sum of - + 1 + - + <fec. to 6 terms = 4 —-'. 

2 3 162 

4. The 8th term of the series 9', — 6, 4, &c. = — -— . 

6. The 6th term of the series 3, -, 7^, &c. = ;—:-■• 

2 12 2592 
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6. The sum of 1 — 2 + 2* — &c. to 3d terms == -» 341. 

7. Determine the 5th term and the sum of 5 terms of 

3J-3+5-.&C. ^«- 4 -^ 1« SI- 

8. The 5th term of the series— -, «, — -» &c. = 

9. Find exprelsions for the nth term and the sum of n 
terns of - + 2 + 6 + &6. Ans. ^, and _^-^-_ J. 

10. Sum I + i + 1 + ic. to 8 tetttis. AiJS.^^i. 
n. FiAdth^limitiofthedeiiesr^tT't' rr -^^ i* 

4 lo t)4 5 

11 Q 

12. Find the limit of the series I '^ g + j -^ &c. ^^ 

Id 1 

13. Find the limit of the series 2 — 1 ~ + - — &d. 1 -• 

8 8 i 

14. Find the limit oi the series — si+lf— f+A*. 

9 5 Q 

lo 

15. Insert three ge^metrid lieans hetween ^ and 128. 

Ans..±2, 8^±32. 

16. Find two geom. means between 5 and 1080, and three 

geom. means between 9 and -. Ans. 30, 180; and 3, 1,-. 

l.T« The 9u«ti i^f m infinite geqm^triB geAea i« 2i mi the 

8um6fi(«fir3ttwofenBsi,li;6«dfl..«ri«. 

o 3 3 
Ans. 3 — — + j-*^&9. 

18. The product of three numbers in geometrical pro- 
gresBioii is 64, and the mxm of the OttbeM ifl 684 1 find them. 

Ans. 2, 4, 8, 



19. If ihe: torn of a geom«tri0ld series eontinued ai in- 
finitam be twic^ uM great as the sum of n terms, prove that 



the common ratio 



io«G)"- 



UO. The sum of the arithmetic and geometric means of two 
nambers is 18^, and if the ceometrie be sobtraoted from th4 
arithmetic mean, the remainder will I|; find the numbers. 

- Ans. B and 12. 

21. A lerent is 100 ;fards before a greyhound; they start 
in the same direction, and the greyhound runs 100 times as 
fast as the leveret; when Will the greyhound overtake the 

ICVftTGt ^ 1 

Ans. \yhea the hound has irun 101 ^ yards. 

. 2S. The J)opulation of a country increases annuallv in 

georiiettic progression, and in four yeai^ was raised ffom 

10,000 to 14,641 souls; by what part of itself was it atittually 

increased? . * • I 

Ans. -. 

as. In H geottietri(5 progression, if the (p + q)tll term «« in 
and the (p — q)th term «et n, show, that thd |^h term m 

\^mn, and the qth term = m f — j '. Also, if P be the 

pih term^ and Q the ^th term, show that the nth term 
1 

24. Determine m and . n in terms of a and h, bo that 

may be the arithmetic mean between m and «, 

and the geometric mean between a and h* 

^5. Given s the sum, and s^ the sum of the squares, of 
the terms of an infinite geometrical progression; show th^t 

it» spi» to ?^ terms sff s |1 --( g5-^^j-^j 1^ 

HARMONICAL PROGRESSION. 
XXIV. When the first of three quantities is to the third as 
tie difference of the first and second is to the difference of 
the second and third, the three quantities are in hdrmonical 
proportion. 
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(I) 1^ =*="-(« + »). 

•■• r^T^ = 121 - 28(* + y) + «* + axy +iA 

^ V^[ . [.Subtract. 



ii l > nnrt » ■»■»■ . — ^i— <i»— ^.^i* 



(1) a?* + 4^5^+ y = 11 (« + y) J 

8dfy = 86, .-. aysA 12, 

«* + a?y + y - 11 (a? + ^) = - 361 
ofy = 19j 

Whence a? = 6, .*. y = 2, .•. fi, B, 6 are the numbers. 

h Insert two harmonic means between 2 and 4. Ans.2f,3. 

2. Insert three harmonic means between 4 and 1^. 

Ans. 8, 2f , and 2. 

8. Find the arithmetic, geometric, and harmonic means 
between 8| and 1|. Ans. 2^^, 2^, 2^^ 

4. Insert two harm<9nio means between ^ and -3^. ^ and|. 

6. Continue to three terms each way the series 1 J, 2^^, 3i| 

Ans. If, II, 1^\ 16, - 7i - 8. 

6. Find two numbers whose difference is 8, and the harmonic 
mean between them 1^, Ans. 9 and 1, or |^ and — 7f 

Y. An harmonic mean between two numbers is 2, and the 
sum of the extremes = 4-3^ ; find the series. Ans. 2f , 2, U. 

8. The sum of the arithmetic and harmonic means of t\fo 
numbers is 12^, and if the harmonic be subtracted from the 
arithmetic mean, the remainder will be l-f 1 fipd the numbers. 

Ans. 4 andJO. 
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9. If the geometric mean between a and y : the harmonic 
mean :: m.n.^evLX :y :: w + v/(w*— n*) : m-^»,/{m^--n^). 

10. Find the smm of n terms of l-fl+Ji4-3+6+8 + &c., 
any term being the sum of the two preceding. 



CHAPTER IX. 
BINOMIAL SUEDS.« 

Prppositions* 

XXV. 1* The square root of a quantity cannot be partly 
rational, and partly a quadratic surd. 

If possible, let V^ = a + Vy", then a? s= a* + 2 a s/y -|- y, 

.-. aj — y — a^=2a yy, /. ^- = vy; or, a 

rational quantity = an irrational quantity, whioh is impos- 
sible. 

2. If a + n/^b = h + v^y be an equation between 
rational quantities and quadratic surds, then a = 5, and 

For ^a = 5 — a -f n/^, and if 6 — a bQ not = 0, >/« 
would be partly rational and partly a quadratic surd, which is 
impossible, by Proposition 1, /. t -^ a = 0, or 6 = <i, 

3. The prbduct of two dissimilar surds is irrational. If 
possible, let n/Jp x >/y =* a^. then wy = a^x\ y = a* a?, 
.•/ '^^=za \/«; that is, ^/^ and >/« may have the same 
surd factor, which is cpntrary to the supposition. 

4. To extract the square root of a binomial consisting of 
a rational quantity and a quadratic surd. 
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Let the given binomial hea + ^/^ 
Assume Va + ^b = ^x -f N/y; sqnare both sides, 

.-. flj + y = a, 2 >/a?y = n/?, (Prop. 2.) 

a? — ^xy + y» = o» — 6, .-. a? — y = s/a^^b^ 

*x + y=: a 
^x = a+ Vo* — 6 

2y = a — »Ja^^h^ 



1. Extract the square root of 7 ± 4 \/3. 

Assume v7 ± 4 Vs = V«^± N/yi 

then 7 ± 4 s/^^x + y ± 2 n/^, 

.-. « + y == 7, 2 \^]py = 4 V'ST 
«* + 2^y 4- / = 49, ^xy = 48, 
.-. «* — 2a?y +y«= 1, .-.a? — y = 11 « = 4, 

.-. V 7 ± 4 >/3"= n/5 ± Vy'= 2 ± VsT 
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2. Extract tlie fourth root of 49 + 20 V6. 
Assume V^49 + 20 V6 = %/«+ '/y, 

then 49 + 20 •/O = « + y + 2 v^^, 
.-. a? -f y = 49, 2 N/«y = 20 Vg^ 
«* + 2a?y + 5^ = 2401, 4iPy = 2400, 
.-. ^ — 2«y + y* = l, .-. «— y= 11 /p = 26 = 5*, 

a? + y = 49 J •> == 24 = 4 X 6, 

.-. \/49 + 20 Ve = n/ J+ Vy = 6 ± 2 Ve" 

Again, assume V 5 ± 2 >/6 = >/« ± N/y, 

then 6 ± 2 >/6'= a? + y ± 2 >/«y[ 

.-. a; + y = 6, 2 v^^= 2 •e, 
»' + 2a?y + / =5 25, 4a?y = 24, 
s^ — 2«y + ^= 1, a? — y = lla? = 3, 

aj + y = 5j '> = 2, 

•. \/49+20>/6= \/6 ±2 V6= VJ± n/^ = n/3 ± >/2^ 

3. Find the eighth root of — 1. 
The square root of — 1 is V— 1 or + V— 1. 

Assume that >/^ + Vy = V -f V— 1. 
« + y + ^ >/^ = + >/— 1, 
a? + y = 0, 2 >/^= >/— 1, 

«* + 2a:y + y = 
4a?y = — 1 

ar* — 2a?y + s/* = 1 
a? — y = 1 

a? + y = 

2a? =1, .-. a? = i, v^ajssV'^, 

2y =— 1, .-. y =— i, >/F= v^^^, 
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Assume -v^i? + v^ir= Vv|+n/^T» 



«* + aa;^' + y* = i 
4a?y = — i 

ar* — S«y + y^ « 1 
^ — y = 1 



= -9339 + -3827 '/—I nearly. 

Examples, 

1. Extract the square root of 2 -f- ^3"; of 8 + 3 n/7 ; and 
of 4— n/7. 

Ads. V^^ a/I"' ^ "^ '^'^' ^""^ A/T" W\ 



2. Of 8- 2 >/l5; 1 — 4 >/— 3; 1 + ^^l — w^ and 

3 >/ 3 + 2 Ve". 

Ans. V5-- V3 ; 2 - V^S; a/^ 4- V^' 
and V 8(1 + V2). 



INBBTBBMXKATB OOEmOU&lfTS 143 

3. EictractthefourthrootoflA + S V8;andof-- —4 v^2. 



An8.i^;ftndV^i(l-v^n 



CHAPTER X. 

INDBTERMIKATB OOBFFICIBNTS. 

XXVL Let A + Ba? + Cx'^ + ..• = a + fca? + c^ -f -.. 
ye an equation which holds true for any value whatever of x\ 
hen the coefficients of like powers of 9 shall be equal to each 
)ther; that is, A s= a, B = 5, G = c, &c. 

For A — a 4- Bd? — 6a? 4- C«* — ca^ + &c. ..• = 0, 

or A 'wa + (B ^6)« + (C ~c)«*+ ..• msO. 

Now, if A /^ a be not equal to 0, let it be equal to some 
-ixed quantity M, then 

(B *^h)x'\- (C ~c)^'+ •.. =M; 

.nd '.' A and a are invariable quantities, .'. A '^ a or M is 
nvariahle. But -.* M maj have various values dependent 
pon the variations of x, .*. M is variable; that is, M is both 
ariable and invariable, which is impossible ; 

.*. A «^ a = 0, or A se ^. 

Again, B *^ 5 H- (C ~ c) a? + ... =0, 

/. similarly B = 6, and C = c, Ac. 

f A-fBa?-f Ca?'+ ,.. +A'y + B';»y + ... + A'V + — = 
a 4- fefl? 4- c«^ 4- ... 4- a'y 4- i'^y 4- ..• 4- of' j^ 4- ... 

nd if some fixed value be given to x while y is variable, it 
Way be shown, as above, that 

A = a, B = J, C 3= c. A' = «', B' = h\ C = </, &c. 

EwampUa. 

1. Resolve r-o — , \ / 2 . ox i^to its partial fractions, 
{a^ -I- 1) {a^ 4-3) ^ 
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. ^a Ax Bx 

Assume , . . ,x, o . ox = :T-r-T + 



(«« + 1) (a?2 + 3) a?^ + 1 ^ + 3 

Aar^-f 3Aa?4- B.v^H- Ba? 
(^ +!)(«* + 3) ' 

.-. 2d; = (A + B)ar» + (3A + B)a?, 

.-. 2 = 8A -I- B, and (A + B) ^ir^ = 0, /. A == — B, 

.-. 2 = — 3B + B = — 2B, .-. B = — 1, 

3 A = 3 — B == 2 + 1 = 3, .-. A = 1. 

^ X X X 



Hence 



{x" 4- 1) («« + 3) a^+\ «' + 3' 



2. Let 5^ — 3y -f- « = ; find the value of y in a series 
of ascending powers of x. 

Assume y = Ax + B^' + Co?' + Dx'' + &c. 

then y3 — a^^'' + 3 A^B iir' + 3 A^ Ca;'' + &c. 

+ 3ABV + &c.V=0. 
— 3y =— 8Aa?— 3Bar^— 3Cip5_3p^7_^, 

-f. X r=+ la?. 
And, equating coefficients of like powers of x^ we have 

-.3A = -.l,orA = i; A^^SB, orB=^ = - ; 

8a2b=3C, orC=A*B = ^,&c., 

o 

X si^ ofi ^ 

If we had assumed y = Aa? + B«^ -|- Car' + Da^ 4- &c., we 
should have found that the coefficients of the even powers oi 
X would be equal to 0. f' 
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Examples. 



1. Find the fractions whose sum is 



1 



^s. r7- — :^-r-7 r: + 



2. Expand — - — — -; in a series of ascending powers of a. 

Ans. 1 + 3« + 4a^ + 7«» + lla^ + &c. 

3. Prove that \/l + a =:l + -» — l>p« + JLar'_^. 

/« 8 Id 

4. Prove that 1* + 2* + 3» + 4* + &c. + n' = 

n(n 4- 1) (2n + 1) 
6 



CHAPTER XI. 
XOGAEITHKS. 

XXVII. If a' = n, a? is called the logarithm of the number 
n to the base a. In the common system of logarithms, 
a = 10, and 0, 1, 2, 8, 4 ... ^, are the logarithms of the 
numbers 1, 10, 100, 1000 ... 10'; that is, the numbers being 
in geometric progression, their logarithms are in arithmetic 
progression. 

Logarithms are calculated by finding x from the equation 
10' = n, in series involving the powers of ^, and are pub- 
lished in books of Logarithmic Tables. 

Propositions. 

1. The sum of the logarithms of two or more numbers is 
the logarithm of their product. 

ALGEBRA. H 
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Let X = log n, and ^ = logn^; then, a being the base, 
a' 3= n, oi' = n'; .*. ai' off ^=- nn\ or a*+y = nn'. 
And similarly for more numbers. 

2. Tbe difference of the logarithms of two nambers is th« 
logarithm of their quotient. 

For a' =3 n, o^-in'; .•* — «s--, ora'^«'te-,. 

3. The logftrithm of n* ■!• m log n. 

For •.• n = a', .'. n*= a"*'; 
...logn.^«. = .logn. 

4. The logarithm of \/n = -^^. 

For •.• n = a', .'. w« = a?««; 

i. fl? log n 
.'. log nm = — = . 

Hence the multiplication and division of numbers may be 
performed by the addition and subtraction of logarithms, and 
the involution or evolution of numbers, by muUiplying or 
dividing their logarithms by the indices of the powers or roots 
required. 

Examples, 
1 . If ^ = a J, then log « =± log a + log 6. 
a. li y =» 6ac, then log y == log 6 + log a 4- logc. 

3. If a? = — , then log a? «= log m •— log r. 

4. If 5^ = a^, then log y « 8 log a. 

6. ltz=i \/c, then log ;5f = -r log c. 
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r*— 1 

6. If S = a . -, find a logarithmic expression for the 

value of w. 

S (r — 1) =e ar* — a, ar* ae 8 (r — U + a, 

S(r-l)-|-a 



a 



9 .-. n.logrs=log{S(r— l)+a} — loga, 



. ^ ^ ^Qg {S (r - 1) + g} - logg 

log r 

7. If 5' = 400, find x, 

w\og6 = log 400, 

log 400 ft-603060 ^ ^^ . 
.-. as = ,° ^ = ^^^^^^ = 8-72 nearly. 
log 6 -698970 ^ 

The logarithms of 400 and 5 are taken from the tables of 
Brigg's Logarithms. 

The number standing before the decimal part of a lo^ 
ritlim is called the characteristic, and it is aiwajs less by 
unity than the number of digits in the integral part of the 
number: thus the number 400 consisting of three* digits, the 
characteristic of its logarithm is 2. Hence, in tables of 
logarithms, it is usual to omit the characteristic. 

The logarithm of 1762 is 8-243534. 

of 175-2 is 2-243584. 

of 17-52 is 1-248534. 

of 1-752 is 0-248534. 

of -1762 is — 1-243534. 

of -01752 is - 2-243534. 

&c. &c. 



•It 



. *• 
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CHAPTER XII. 

BINOMIAL THEOREM. 

XXVIII. The Binomial Theorem enables us to raise a 
binomial to any power without the process of repeated mul- 
tiplication. 

Prop, Let it be required to find the nth power of the 
binomial a + ^. 

a + « = a(l+-), .-.(a +«?)• = a»(l + -V 

mB 

Assume - = 5^, and that 

(1+ y)" = A + By + Cf + Dy^ -f ... P^ + &c. ... (1), 
the coefficients A, B, C, D, &c. being independent of y. 

Squaring both sides of this equation, we have 
(l+y)«»=AH3ABy-|-2AC/+2ADyHiiAEy*-f&c.' 

+ BV +2BCyH2BDy*4-&c. -...(2). 

+ CV +&C.J 
Now ••• (1 + VT = (I + 2y + r;- = {1-f (2y + y^)}", 

.*. by assumption (1),' 

(l+y)'" = A + B(2y+y^) + C(2y4-y')HD(2y+yT+&c- 

= A+2By + B/ + 4C3^ + Cy* + &c.T^ .3^ 

+ 4CyH8DyHl6Ey*-f&c.J 

And •.• the series (2) and (8) are each = (1 •\-\ 

.-. A« + ^ABy+(2AC + B2)/ + (2AD + 2BC)y»-:* ^. 

A + 2By + (B+4C)/+(4C + 8D)yH...&c. ^ 

Hence, byArt. XXVL, a2 = a, .-. A = 1; 

aAB = 2B, .-. B = B,'\ 

2ac + b«==b + 4c, ... c = 2l;i2 = 21£j 

2AD + 2BC =4C + 8D, 
... p^?C(B-2)^B (B-1)(B-2) . 

6 1.2.3 ' ®^- 
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... (a + 6 + c)» = {(a + 6)-hc}-. 

and (a + 5 -f c -h <^)" = {(a -f *) + (c + <i)}*, 

the Binomial Theorem may be applied to the expansion of 
powers of a polynomial. 

The above proof is general, and consequently applies to 
the cases of n being an integer, a fraction, positive or 
negative. 

On inspecting this theorem, it appears that 

The powers of a decrease and those of a increase by unity 
in each succeeding term. 

The first term is the nth power of the first term of the 
given binomial. 

The second term is found by multiplying the index of the 
first by the first with its index diminished by unity, and also 
by the second term of the binomial. 

The coefficient of any succeeding term is found by multi- 
plying the coefficient and index of a in the preceding term j 
together, and dividing by the number of terms already 
set down. 

In applying this theorem, it will appear that 

When n is an integer, the number of terms in the ex- 
pansion is n -f I ; and the coefficients of any two terms 
equidistant from the extremes are equal to each other. 

When n is a fraction the series does not terminate. 

Examples, 
1. Expand (a -f af, 

(a +^)« «= a« + 6a»;r + ?^a««» +Mi!a^rB» 

. 6.6.4.3 , . , 6.5.4.3.3 . , . 6.6.4.3.S.1 ^ 
^ 8.3.4 ^ 2.3.4.5 ^ 2.3.4.6.6 

sR a« + Qa^a + 16aV + 20aW + 16aV + 6aar» -f aP. 

Practically, the coefficients after the second term are found 
thus, 

and after the middle term they may be written in an inverse 
order. 
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2. (a— ayyasa' — 5a*«+10aV— 10aW + 6aa^-a?\ 
a (1— a?7=l-7a?+21aT«— 35ar'4-35a^— 21aT^+7««-ar. 
4, (ft«H-l)'=a83#' + 80«*4-80«»-f40«'-f 10« + 1. 

EXPONENTIAL TBXOSKM. 



XXIX. va=l + a— 1, /. «•= (1+ a — 1)» = 



{(14-a-ir}-' 
Hence, by the Binomial Theorem, (Oor. $2.), 

«- = |l + n(a - 1) + "^"~^^ ('' - 1)* + 

n(n— 1) (n — 8), ,.3 , . 1: 
_i -L^ i (a _ 1)3 + Ac. j- = 



{ 



1 + [(<■- 1) - ^^i^ + '-i^i^- *«o » + 



where B, C, &c. contain powers of (a — 1) only. 

Let now (« — 1) - 5^ — —- :!. + ^ — — ^ — &c. = A, then 
a' = {1 + An + Bn* + Cn' + &c.p = 

1 4- -(An + Bn2 + &c.) + 
n 

*^^ ' (An + B»* + &0.)» + &C. =: 
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1 +^(A + Bn + &o.) + ^^^^\A + Bn + Ac.)^ + &c. 



Now since n may have any value whatever, let n = 0, then 

^ ^ 1.2 ^1.2.8^ 
If tf he that value of a which makes A = 1, 



^ = 1 + 1 + i72 + 2 2 3 + <fec.,theExponentialTheorem. 
If;c=l, 

11 1 . 

« = l+j + Y72 + i . 2 . 3 + ^' = ^'71828, Ac., which is 

the hase of the system of logarithms used hy Napier, the 
inventor of logarithms. 

XXX. •.• a + 6 = 



1- * 






.\ (a + 5)" = 



v^r^'~^^"- 



This is Oolson*s Theorem. 



CHAPTER XIII. 

VABIATIONS, PERMUTATIONS, AND COMBINATIONS. 

XXXI. The different arrangements which can he made 
of any numher of quantities, taking a certain numher at a 
time, are called their YariatwM, 
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Thus, if a, ft, c be taken two together, their variations will 
be a^, ba, ac, ca, be, cb. 

If all the quantities are taken together, their yariations 
are called PermtUations, 

Thus the permutations of a, b, c are ahCf acb, lac, bca, cab, 
cha. 

XXXII. The number of variations of n different things, 
taken r together, is n (n — 1) (n — 2) . . . . {n — {r '^ 1)}. 

Let a, 5, 0, d, <&c., be the n things ; then the number of 
variations which can be made, taking them singly, is n. 

liCt n — 1 of these things, namely 5, c, rf, &c. be taken 
singly, then the number of their variations is w — 1 : and if 
a be placed before each, we shall have n -— 1 variations of n 
things, taken two together, in which a stands first ; similarly 
we shall have n — 1 such variations, in which b stands first ; 
and similarly for all the n things, hence there will be on the 
whole n(n — 1) variations of n things taken two together. 

Again, taking n — I of these things, namely 5, c, d, <fec., 
their variations, taken two together, will be w(n— l)(n— 2); 
and proceeding as before, there will be on the whole (n— J) 
{n — 2) variations of n things taken three together. 

Similarly their variations, taken four together, will be 
n (n — 1) (n — 2) {n — 3). Hence, if V^ Vg, Vg, &o. V,. de 
note the variations of n things, taken 1, 2, 3, &c. r together, 
we have 

Vi = w, Vg = n (n — 1), V3= w(n — 1) (n — 2), &c. 
V,, = n{n — 1) (n — 2) (w •- 3) . . . . {n — (r — 1)}. 

Cor, •.• the permutations (jo) of n things are their varia 
tions, taken all together ; by writing n for r we shall have 

jp=n(n— 1) (n — 2) .... (n — (n — 2)} {w — (n — 1)} 
= n (n — 1) (n — 2) . . . . 2 . 1 = 1 . 2 . 3 . . . . w. 

XXXIII. When a and b are different, their permutations 
are ab^ ba, but when a = b, they become aa. 

Let a recur p times, b q times, c r times, &c., and P be 
the number of permutations required. Then if all the a's 
be changed into different letters, they will form 1.2.3.... ;> 

n 3 
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pormutatioiis, and out of each of the P permatatioiis we 
should fonn 1.2.8 ..,, p permutatiooB, bo that there would 
be P times 1 . d . 3 . . . p permutations. Similarly if all 
the h's be changed to different letters, they would form 
1 . 2 . 8 ... 9 permutations, and therefore there would be 
P. (1.2. 3 ....|?.1.2.8....g) permutations. Now, when 
all the quantities have become different, the number of per- 
mutations is 1 . 2 . 8 . . . n. (Art. XXXII., Cor.) 

.-. P.(1.2.8...j).l,2.8...9.1.2.8...r.&c0«=l'3*3-.-n, 

1 .<«.o».*.iti 



• P = 



1. 12. 8. .J). 1.2. 8 9.1.2.8...r.&c.' 



XXXIV. Suppose there are n things, a, 5, e» d, ^., and that 
they may be repeated; then, if they be taken two together, 
wa shall hare n rariations where a stands first, n where b 
stands first, n where e stands first, &c. And since there are 
n things, the entire numben of Tuiations will be n x n, or 



n\ 



If they be taken three together, sinee each of tham may 
stand before each variation, the entire number of variations 
will be n X n*, or n'. 

In the same manner, if they be taken n together, the 
entire number of variations will be n\ 

And if it be required to determine the total number of 
variations with repetitions of n things taken one at a time, 
two at a time, &c., and all together, we must take the sum of 
the geometric series n -<- n* -f n^ -f- . . . »*. 

XXXV. The different collections that can be made of a 
number of things, taking a certain number together without 
regarding their order, are called their Combinations. 

Thus the combinations of a, h, e^ taken two together, are 
ahf ac, be. 

Each combination will supply as many corresponding 
variations as the number of things it contains admits of 
permutations. 

Each combination of r things supplies 1 .2.8...r variations 
of r things ; hence, if C^ be the number of combinations of 
n things, taken r together 
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C^.(l.2.8..,r)=:V^ = n(»-l)(n^2).o{»-(r-l)}. 

• '■" 1.3.3...r 

Cor. If 1, 2, B, 4, Ac. be successively put for r, we sball have 
» n(n--l) n(n~l)(n-2) 

... C,+C,+C3+&c.=n4.'^ + !^ 
(Art. XXVIII.) 

"^ -^-^ + "17^" + — iTF.! "^*'- 

.-. Ci -f- Cg + C3 + &c. = 2* — 1 = the sum of all the 
combinations that can be made of n things taken 1, 2, 3, &c. n 
together* 

XXXVI. The number of combinations of n gets of things, 
containing respectively jp, q, r, &c. things, one being taken 
out of each set for each combination, is equal to the con- 
tinued product of ^, g, r, &o. 

First, if there be two sets, containing p and q tilings 
respectively, the number of combinations will be pq. 

Then, if there be another set, containing r things, each of 
them being combined with pq combinations* the number of 
combinations will be j^^r, &c. 

Cor, If pssaqacrz=&o., the remainder of combinations =j?*. 

XXXVII. If of n things r be taken, n-^r things will be 
left, and for every different set of r things taken, there will 
be a different set containing n — r remaining ; therefore, the 
number of the former sets will constantly be the same as that 
of the latter. 

Hence, the number of combinations of n things taken r 
together is the same as the number of combinations of n 
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things taken n — r together. This may he expressed 
thus, "C,. = "C, 



XXXVIII. To find the numher of combinations of two sets 
of things containing respectively m and n things, by taking r 
out of one set and s out of the other for each combination. 



s 



«C, X n^^^ '^{^''^)-{'^''^+^) X n(n— l)(n- 

(Art. XXXV.) 

XXXIX. To find what number r out of n things must be 
taken together, so that the number of combinations formed 
may be a maximum. 

Since C, is obtained by multiplying C^,, by , or 

T 

71 + 1 

1, the quantities C^, Cg, Ac. will increase continually, 

T 

each term upon the preceding, so long as their factor > 1 ; 
hence C,. will be the greatest for the greatest value of r 
which allows of this, or if n + 1 > 2r, that is, when r is the 
integer next <i(n + 1). 

If n be even, r = | w, if n be odd, and .*. i(n + 1) an 
integer, r = ^ (n H- 1) — 1 = ^ (n — 1) ; but in this case, 
since C,.=C„_^ (Art. XXXVII.), the number taken ^(n — 1 ) 
together = number taken n — ^(n— 1) or ^(n + l) to- 
gether, and .'. r may be either ^ (n — 1) or ^ (n + 1). 

Examples. 
1. How many changes can be rung with 7 bells out of 10? 
By Variations, Art. XXXII , 

V^ r= n (n - l>(n — 2) ... {n — (r — l)} ; 

and •.' there are 10 bells, n = 10, 

and ••• they are taken 7 at a time, r = 7, and r — 1 =: 6, 

... n- (r— 1)=10 — 6=4. 

Hence V7 = 10.9.8.7.6.5.4 = 604800 changes. 

^. How often can 6 boys change their places in a class, so 
as not to preserve the same order ? 

By Permutation, Art. XXXII., Cor.^ jt? = 1 . 2 . 3 ... n, 

.-.;) = 1 . 3 . 3 .4. 5 . 6 = 720 times. 



AND COMBINATIONS. 157 

3. In how many ways may the word enunciation he written? 

By Permutation, Art. XXXIII., P = , ^^'!'^'*:?, ; 

and •.• there are 11 letters, of which 3 are n *s and 2 are i 's, 
.-. n = 11, 2)==3, q=:^. 

^ „ 1.2.3.4.5.6.7.8.9.10.11 ^^^^.^^ 
Hence, P = = 3326400 ways. 

4. Into how many difiPerent triangles may a decagon he 
divided hy drawing lines from the angular points ? 

The numher of triangles will he equal to the numher of 
lines that can he drawn hy connecting 7 at a time of the 
10 angles with each angle; that is, it will he equal to the 
numher of comhinations of 10 angles taken 7 together. 
Comhination (Art. XXXV.), 

^ ^ n(n~l)(n--2)...{n-(r-l)} 

1.2.3...r 

_ 10.0.8.7.6.5.4 _ 
■" 1.2.3.4.5.6.7"" 

5. The total numher of comhinations of 2n things : total 
numher of n things : : 129 : 1 ; find n. 

Comhinations (Art. XXXV. Cor.), 2* - 1 ; write 2n for n, 
then 

2^* — 1 = total numher of comhinations of 2n things, 

^ ""■ X ^— •»• ••• fv ... 

2^* — 1 _ 129 (2" 4- 1)(2^ — 1) _129 

2» - 1 "■ 1 ' ^^ 2" - 1 "■ 1 ' 

2* + I = 129, 2* = 128, 2" = 2^ .-. w = 7. Ans. 

6. How many difiPerent collections and words may he formed 
of 5 letters of the alphahet, 2 vowels and 3 consonants heing 
taken together ? 

Comhinations (Arts. XXXVIII., XXXV.), 

_ m(m-l)...(w-r+l) n(n--l)...(n->5 + 1) 
^'^ ^'" 1.2...r ^ 1.2... s 
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Here m » 19 consonants, n « 6 Towela 1m— r+ 1=17, 
r= 3 „ « = 2 „ Jn— « + l= 4, 

/. -C, X "C,= ^^'^^.^^ X ^ = 969 X 10=9690 coUections. 

But since each collection consists of 6 letters, each may be 
permuted 6.4.3.2.1 different ways; for (Permutation, Art^ 
XXXII., Cor.), 

2? = n (n — 1) . (n — 2) ... 3 . 2 . 1. 

Here n s= 6, 

.'. p as 5.4.3.2.1 =c 120 permutations of the 9690 collectionsj 

.-. 9690 X 120 = 1162800 words. Ans. 

7. A telegraph has m arms, and each arm is capable o^ 
n distinct positions ; find the total number of signals that can 
be made with the telegraph. 

Combination (Art. XXXV., Cor,). First find the number 
of combinations of m arms taken 1 at a time, 2 at a time, &c.y 

«^ . «^ . f m(w— 1) . m(w— l)(m^2) 
.-. "C,-f"C,-h"'C3 + &o.c=m+ ^^^ ^ + ^^^3 '- 

-f &c.= number of combinations of the m arms, taken at first 
singly, then 2 at a time, then 3 at a time, &c. But as each 
arm is capable of n distinct positions, the entire number of 
combinations with changes of position == 

^^^m(m^ 

(1 4. ,i)~ - 1. Art. XXVIII.. Cor. 2. 

7. How many changes may be rung on 5 bells ? Ans. 120. 

8. How many different numbers can be made out of one 
nit, two 2's, three 3's, and four 4 s, supposing all the figures 

CO be in every number? Ans. 12600. 

9. How many changes can be rung with 4 bells out of 8 ? 

Ans. 1344. 



AND GOMBIKATXONS. 150 

10. Given the number of yariations of $)n + 1 things, 
n — 1 together : number of yariations of 3n — ] , n together, 
: : B : 5 ; determine n. Ans. 4. 

11. How many different hands may a person hold at the 
game of whist; that is, how many changes can be made of 
13 cards out of 5^ ? Ans. 635013659600. 

1 d. A company of soldiers consists of 50 men, and 4 of 
theni are selected every night to mount guard ; on how many 
nights can a different selection of the 4 sentinels be made ? 

Ans. 230300. 

IB. What is the total number of combinations of 16 things, 
taken 1, 2, 3, &c. at a time? Ans. 65535. 

14. The number of variations of m -f n things, 2 together 
is 56, and of m — n things is 12 ; find the number of com- 
binations of m things, n together. Ans. 15. 

15. Find the number of permutations with repetitions 
(that x8, allowiDg things which recur to be combined as if 
they were different) of 12 things, taken 5 together. 

Ans. 248832. 

16. Show that the number of different combinations of n 
things taken 1, 2, 3, &c. n together, of which p are of one 
sort, q of another, r of another, 4c., is(j9-t-l)(g-j-l) 
(r H- 1) ... 1. 

17. There are 4 companies of soldiers, consisting of 40, 42, 
45 and 50 men respectively; how many selections of 4 men 
can be made by talang one out of each company ? 

Ans. 3780000. 



CHAPTER XIV. 
COMPOUND INTEREST AND ANNUITIES. 

XL. Let P be the principal, or sum lent, 

M the amount, or sum of principal and 

interest, 
r the interest of £1 for the first period of 

time, 
R ss 1 4- r, the amount of JSl for that 

period, 
n the number of periods. 
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Then, at the end of the first period R will be the prin 
cipal, and \' £i invested amounts to R pounds, 

.-. 1 : R : : R : R* = amount of £1 in 2 periods, 

similariy 1 : R^:: R: R3= 3 

and so on. .*. R" = amount of £1 in n periods of time of 
equal length; and when F£ is the given principal, the amount 
will be P times as great as when £1 is the principal. 

.-. M = PR", log M = log P + wlog R (Art. XXVII.). 

By this last equation, any three of the quantities M, P, w, R 
being given, the fourth may be found. 

XLI. Let A be an annuity, or sum of money annually 
payable, R the amount of £1 in one year; then, A is 
the amount of the annuity at the end of the first year, 
1 : A : : R : RA = its amount at the end of the second year, 
.'. A H- RA = A (1 + R) is the sum due at the end of the 
sedond year; similarly 1 : A (1 + R) : : R : A (R + R*) is 
the amount of the two payments at the end of the third year, 
.-. A -f A (R + R2) = A (1 -h R + R^) is the sum due at 
the end of the third year ; similariy A (1 -f R + R» + R^) is 
the sum due at the end of the fourth year ; and generally 

R* — 1 

A (1 4. R -f r2 4- . . . R«-~i) = A . p = M, the amount 

R — 1 

of the annuity, at compound interest, in n years. 

log M = log A + log(R* — 1) — log (R — 1). 
XLII. Let V be the present value of the annuity A, then 

R»— 1 ,, , 1 — R-* 

log V = log A + log (1 — R-") — log (R — 1). 
Cor, If the annuity be perpetual, n is infinite, 

.•.R- = 1=0, 

and V = r = the present value of a perpetual annuibj 

R ^— 1 

of A£ per annum. 
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XLIII. Let the annuity A commence after m years, and con- 
tinue for n years, then its present value yriW be the difference 
between its present value for w + n years, and its present 
value for m years, or 

1 — R-(»»+n) 1 — R-"* _ AR-^" — AR "-*-* 

V -i. A • — "~ A . -— -— -^ — ' 

R — 1 R— 1 R— 1 

AR~"(1 — R-") 
" R-1 

log V = log A — TO log R + log (1 — R"") — log (R — 1). 

Cor. If the annuity be perpetual, n is infinite, .-. R"" = 0, 

AR~"* 
and V = r = the present value of a deferred annuity, 

to continue for ever. 

XLIV. LetN denote any number, "whole, fractional, or mixed; 
let x'S denote its logarithm, and xN the complement of that 

logarithm, so that a-- = — aN = xN; then the formulsB 

adapted to logarithmic computation in the last four articles 
may be put into a more convenient shape by writing \ for log, 
and X for — log. 

Examples. 

1. What sum laid up now and improved at compound 
interest during 12 years, will amount to 6000^., the rate of 
interest being 4^ per cent., the interest being payable yearly? 

By Art. XL. • log P = — n log R + log M, or 

XP = wxR + ^M 

= 1 JJx (1-045) + x 5000 

Now X 1-046 =1-9808837 

X 71=13 



1-7706044 
\ 6000 = 3-6989700 



A P = 3-4695744 

.-. P = 3948-31836 = ^63948 6s. 4^e?. Ans. 
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Se. To what sum will an annuity of £100 amount in 20 
jears, at compound interest, at 4^ per cent, interest payable 
yearly ? 

By Art. XLI. 

log M = log (R* — 1) + log A — log (R — 1), or 
AM = A(R* — 1) 4- XA + «(R— 1), 
= x(l-045«»-.l) + xlOO + x-045. 

Now X 1-046 = -0191163 

HO 



-8898360 
the number to which is 3*4117150 

— 1 



1-4117150 
the log of which is * 1 497470 
X 100 ad 



2-1497470 
K -046 1-3467875 



X M = 3-4965345, 

.-. M = 3137-144 = £3137 2s. 10|i. Ans. 

If the interest were payable half-yearly, n would be 40, 

r would be -^ = -0225, .-. R would be 1-0226. 

/« 

If the interest were payable quarterly, rt would be 80, and 
R 101125. 

3. What is the value of the lease of an estate for 21 years, 
he clear annual rental being £135, allowing 5 per cent, com- 
)ound interest ? 

By Art. XLII. 

log V = log (1 - R-") + log A - log (R - 1), or 
^ V = X (1 - R-") + X A + K (R — 1) 
as X(l - 105-«) + A 186 + II-05. 
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Kow X R-* = x-- = xR»3rx 1-05*^ = 1-9788107 

R* 



9788107 
19576^14 



81 



/. R-"« -3689438, 
X -6410578 

xass 

It -05 
XV 



1-5550247, 
— R-"Ba -6410578, 

= i-8068973 
= d-ld0d388 
= 1-8010800 



=: 3-2382611 



.-. V = 1780-8565 = £1730 17«. 1^ Ans. 

A. Find the compound interest of £800 for 9 years at 5 per 
cent* per annum, the interest being payable yearly. 

Ans. £441 Is. M. 

6. Find the amount of an annuity of £356 per annum, pay- 
able half-yearly for 9 years, allowing compound interest at 
6 per cent, per annum. Ans. £4167 lbs. A\d, 

6. What is the present value of an annuity of £70 per 
annum, payable quarterly for five years, allowing compound 
interest at 5 per cent, per annum? Ans. £307 195. 8^(2. 

7. Find the present value of a deferred annuity of £1000, 
to commence after the expiration of 5 years, and then to 
continue for 20 years, allowing compound interest at 5 per 
cent. Ans. £9764 9s. 4^^. 

8. If a lease for 65 J years cost £100, what annual rent 
ought the purchaser to receive, that he may get 5| per cent. 
for his money? Ans. £5 16«. 
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9. What is the difference between the value of a freehold 
estate, or perpetual annuity of £100 per annum, and that of 
a leasehold*estate of £100 per annum, to continue 60 years ? 

Ans. The freehold is worth £107 Is. 4Jd. more than the 
leasehold. 

10. What sum ought to be paid for the reversion of an an- 
nuity of £50 for 14 years after the next 7, that the purchaser 
may make 5 per cent, of his money? Ans. £351 10s. nearly. 

11. The sum of £518 65. being placed out at compound 
interest for 3 years, amounts to £600 ; find the rate of in- 
terest. Ans. 5 per cent 

Id. In what time will a sum of money double itself, at 
4 per cent, compound interest? Ans. In 17-6 years. 

13. Suppose a person to place out annually the sum of 
£20 for 40 successive years, what would the whole amount to 
at the end of that time, at 5 per cent, compound interest ? 

Ans. £2536 16s. 

14. Find the present value of an annuity of £40, to con- 
tinue 5 years, allowing compound interest at 5 per cent. 

Ans. £173 3s. U 

15. What must be paid for an estate whose annual rental 
is £79 4s. that the purchaser may make 4^ per cent, of his 
money? Ans. £1760. 

16. A person places P pounds at interest, and adds to his 

capital at the end of every year — th part of the interest 
for that year ; what is the amount at the expiration of n 
y^"^ Ans. p(£+r + l)''. 

17. Find the present value of an annuity of £20, to com- 
mence 1 years hence, and then to continue 1 1 years, allow- 
ing 3i per cent, compound interest. Ans. £118 7s. S^d. 

18. A person leaves to his two sons, A and B, equal 
shares of an estate producing £1000 per annum, but A pro- 
poses that B shall take both shares, and allow him an equi- 
valent annuity for 20 years ; what annuity ought B to allow A, 
reckoning interest at 4^ per cent. ? Ans. £854 2s. id. 
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